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ABSTRACT

Solids production is a complex physical process which is controlled by several factors including mechanical
failure from in-situ stresses and hydrodynamic erosion from fluid flow. Hydrodynamic models for the prediction
of sand production involve sanding criteria based on filtration theories. Such models contain a constitutive model
parameter, the coefficient A, with dimensions of inverse length which is calibrated by sand erosion tests, but its
nature and its dependencies have not been clarified to date. The aim of this work is an attempt to refine the
hydrodynamic models by investigating the dependence of the sand production coefficient 1 on the external stress
conditions and on the plastic zone A that is developed on hollow cylinders tests and propose an expression
describing its importance in the sand production prediction modelling. The aim of the work is obtained through
simulations with finite elements by utilizing the well-established Arbitrary Lagrangian-Eulerian (ALE) analysis
considering the poro-mechanical coupling of the fluid-solid system for simulating hollow cylinder tests. Best
fitting experimental data estimated values for the sand production coefficient for various values of external stress
are obtained through back analysis. The dependence of 1 on the external stress turns out to be fairly smooth and a
three-parameter model is proposed to describe that dependence: a scale parameter, an exponent, and a stress
parameter defining the magnitude of stress at which erosion onset is predicted. It turns out that the stress
parameter is associated with the minimum stress required for plastic yielding to occur, which was also estimated
theoretically. This finding is in agreement with the physical assumption underlying the simulations that erosion
onsets and progresses after the material reaches a critical plastic strain as a consequence of material plastic
yielding. A power law model describing the dependence of 4 on the plastic zone depth is also proposed and
discussed.

1. Introduction

production liners or screens blinding, downhole equipment erosion by
abrasion, wellbore stability issues which may result in catastrophic

Predicting the volume of solids produced (sand particles) from pro-
ducing oil and gas wells has been one of the problems requiring solution
in the context of hydrocarbons recovery. This is because of the aggres-
sive production schedules the operators apply in the reservoirs, which in
turn increase the stresses on the rock by applying higher drawdown
pressure. The straining of the reservoir rock causes local failure at the
wellbore walls thereby resulting in the production of solids along with
hydrocarbon fluids. Most petroliferous rocks are sandstones therefore
understanding the mechanics of the erosion process is very important
because it costs to the producers multiple millions of dollars each year.’
Few of the costly complications include perforations plugging,
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failures.*

The modelling of the physical problem of sand production is by no
means a trivial process as it involves a strong coupling between the
hydro-dynamical and mechanical processes which are associated with
fluid flow, solids mobilization, fluid-rock interaction, and rock defor-
mation. The phenomenology of the process, by field and experimental
observations, is that the rock initially fails mechanically on the wellbore
wall surface and then fluid flow erodes the mechanically failed rock
flake by flake which eventually are flashed-out. When these flakes are
removed from the wellbore surface, porosity is increased, and new dis-
continuities appear. The failure rate is further increased by the
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concentrated stress on the discontinuities. Computationally, the failure
mechanism is understood as a two-step coupled process involving ma-
terial failure (encoded in a yield criterion), and the mobilization and
removal of particles by the hydrodynamic forces at work. Sand pro-
duction, can be quantified by a volume of produced solids against time
graph, exhibiting the physical response of the rock under given external
stress and flow conditions.”?

Papamichos et al., in (2001)'® claimed, through laboratory experi-
ments on hollow cylinder tests, that plastic yielding is the cause of
micro-cracks, resulting from the application of external loads, which
may serve as erosion starting points. However, this statement was
challenged by other investigators by conducting experiments under true
triaxial stress state on cubic samples which have shown that yielding of
the material around the wellbore surface is not necessarily an indicator
for on-setting sand production.'*

Adopting the point of view that plastic yielding serves as erosion
starting point, then the sand erosion problem can be treated numerically
as a wellbore stability issue, however, predicting the sand production
onset only.'® On the other hand, several numerical models attempt to
pseudo-couple fluid flow and mechanical failure of rock increasing the
computational difficulty. However, such models suffer from the limita-
tion that they do not capture the progressive damage of the rock which
actually occurs (e.g. grain cohesion softening with simultaneous friction
hardening).®'® Few earlier works relating plastic yielding to sand pro-
duction in a producing well can be found in.'”'® However, the propo-
sition that sand onset and plastic yielding has proven to be conservative
both experimentally and theoretically. To solve that issue, critical plastic
strain criteria were adopted to predict sand onset numerically. '’

A somewhat recent attempt was made in° where an erosion
semi-analytical model was built upon the physics of the coupling be-
tween the poro-mechanical failure and the fluid flow. In that model,
material softening is incorporated via Young modulus-softening and
cohesion-softening. The model was validated with the experimental data
of the volumetric sand production from hollow cylinder tests of.'
Simulations based on this model was also performed in.'*?°

The hydro-dynamical model of Vardoulakis et al. (1996)” involves
the so-called sand production coefficient A, which has dimensions of
inverse length [A] = L~!. The sand production coefficient A is a
phenomenological coefficient appearing in the solids mass production
equation which controls the rate of the erosion process. It can be envi-
sioned as the strength of erosion because when it is constant its contri-
bution to the erosion process is purely hydrodynamical. Also, the higher
the coefficient the larger the sand production predicted. According to
the seminal work presented in,” this coefficient was thought to be
related to the spatial frequency of potential erosion starter points. These
erosion starter points are linked with the solid skeleton of the porous
medium and as such, its merit could be potentially associated with the
grain size and minerology of the material. Furthermore, in their work” it
was stated that this coefficient can be determined experimentally, and it
should be kept in mind that due to the coupling between erosion process
and rock weakening, A is expected to be an increasing function of rock
damage.”"® However, to the authors knowledge, a dedicated set of tests
for determining the value and the properties of the sand production
coefficient does not exist. Modelling-wise, the dependence of A on the
damage has been encoded by a plastic shear strain function.>%'>2! The
physical interpretation of modelling A with a plastic shear strain func-
tion is that it captures the effect of the rock damage associated with the
grain size and minerology of the material.

In this work, we constructed a coupled hydro-mechanical finite
element model to overcome the difficulties in the listed references of this
work by (i) coupling mechanical failure-fluid flow, (ii) predicting
erosion onset and (iii) capturing progressive damage of the rock. The
proposed model accounts all the above and simulates the sand produc-
tion process in hollow cylinder tests. With the created finite element
model we investigate numerically the effect of the stress magnitude on
the sand production coefficient A and put forward a simple mathematical
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expression describing that dependence. To this end, for on-setting the
sand production we use the volumetric criterion via a user subroutine
coded in Fortran, as it was proposed by>? which involves the sand pro-
duction coefficient. This provides the flexibility to modify the function
of the sand production coefficient and predict the particles concentra-
tion that is produced through an Arbitrary Lagrangian-Eulerian (ALE)
adaptive meshing technique, allowing for the mesh to move indepen-
dently of the material and with respect to the original configuration of
the mesh. By varying the value of A, we find by trial and error a set of
volumetric sand particle curves produced numerically which best
describe the experimental volumetric curves of'> for different stress
magnitudes. This allows us to deduce an empirical mathematical rela-
tion for the dependence of the sand production coefficient on the
external stress.

This paper is organized as follows: in section 2 the governing equa-
tions of the model are presented. Section 3 describes the finite element
model while in section 4 the produced results are presented and criti-
cally evaluated. Finally, in section 5 we outline the main findings of this
work.

2. Theoretical model of sand production

The governing equations describing sand production is not trivial
and may be broken down into two physical processes. The first one is the
poro-mechanical response of the rock sample and the second is the
erosional response of the rock fabric. The poromechanical processes are
described by the theory of poroelastoplasticity while the hydrodynamics
is modeled by filtration theories.”>*'*

In our context, the rock formation is considered single-phase fluid-
saturated assuming quasi-static state conditions for the rock deforma-
tion and fluid flow. Under quasi-static conditions, the governing equa-

tions for poro-mechanical response are as follows'*!>%%;
Equilibrium equations : 6;;; =0 (€8]
Porous solid response : do;; = C;’;Idekl + adps;; 2
Fluid continuity : ¢;; =0 3
R k
Darcy’slaw : g;= — —p,; (©)]
s

where o are the total stresses, g are the shear strains, p is the pressure
in the fluid, g; is the fluid flux, C‘fﬁd is the tangent poroelastoplastic
stiffness matrix, « is the Biot coefficient, k is the permeability, y is the
fluid viscosity and §; is the Kronecker delta.

For the erosional response, the governing equations are”>'*%?
Solids continuity : é _% (5)
‘ Yo
Solids mass creation : o =M1-¢)q (6)
@
Kozeny — Carman : k=ky——— )
(1-9)

where m expresses the erosion rate (solids mass rate per unit of volume),
¢ is the porosity of the rock, p, is the rock density, ko is the Kozeny-
Carman parameter that is related to the initial permeability and k is
the permeability. Eq (7) describes the strong variation of permeability
with porosity.

Equation (6) is the constitutive equation for sand production mainly
intended for oil wells. Simulations using (6) imply that sand erosion for
the case of gas will produce significant amounts of sand due to low
viscosity and thus high flow rates. At this point it is considered
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important to mention that this has not been justified by experiments.
The physical content of this model is that the erosion rate is proportional
to the fluid flux, and also it depends on the remaining mass as implied by
the factor (1 — ¢). These are the simplest plausible assumptions for a
constitutive erosion equation as put forward by’ based on filtration
theories. The sand production coefficient 1 is the proportionality con-
stant of the constitutive law (constitutive parameter), with dimensions
of inverse length and can be determined experimentally by sand erosion
tests. For some researchers, it is considered as an empirical con-
stant/function which requires special treatment.®'3

Experimental work implies that erosion onsets when the stress
magnitude exceeds a certain threshold depending also on the fluid flow,
for any given rock type.'>!®> When this threshold is reached then the
material shows a softening behavior.”'>'° Assuming that the sand
production coefficient is a function of the plastic strain the softening
behavior is encoded in the constitutive equation.” *'%?! Associating
erosion with plasticity, solved an important weakness of the original
formulation of the constitutive equation,” which implied that significant
erosion from the bulk of the material, contrary to the experimentally
observed erosion localized on the surface. The sand production coeffi-

cient as a function of the shear strains is given by>'>*!:
EJ” S eplr
0 lf pl th;[ pl
e =4 Ay if =€ < (dpm Hz/ln) ®

A lfepl > <Sﬁleak+lz/ll)

where ¢! is the plastic shear strain, e‘t’ér is the plastic shear strain value at
Dl

which erosion is turned on, &, is the plastic shear strain at maximum
sand production coefficient, 1;,4, are calibration constants to be
determined through calibrations™'®?! as stated in the literature. To the
authors’ knowledge, no tests exist providing values for the constants in
model given in eq. (8), neither a verification of its form.

The aim of the present work is to provide certain insights in the
nature of the sand production coefficient and in particular its depen-
dence on the external conditions applied on the material. Equation (8)
implies that sanding onsets gradually when the plastic strain exceeds a
certain value, reaching a plateau beyond the limiting value of the plastic
strain. In this work we adopt a simplified version of the model in Eq. (8),
neglecting the gradual transition to the plateau, which does not have a
solid physical justification and in order to keep the parameters of this
model to a minimum. We propose that the sand production coefficient
may simplify as'’:

, 0 if ¢'<é,
/1(811):{ PR &m>gﬂj' ©)

The plot of both functions (equations (8) and (9)) is shown in Fig. (1).
Expression (9) allows for a delay in on-setting the erosion phenom-
enon as plastic deformation develop and advance. The simplicity of the
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model (9) is consistent with the fact that the hollow cylinder rock sample
are very small, hence we expect that any transient phenomena at the
problem at hand will be minimal to influence the overall solution. At
larger scale models such phenomena may be important although no
detailed phenomenological analysis exists. Both, the time delay and
calibration constant A, are fitted so that the numerically produced sand
production curve to compare quite well with the experimental.'® The
following section presents the finite element model that was created for
the purposes of this investigation.

3. Finite element model

The finite element model simulates the hollow cylinder test of
Papamichos et al. (2001) in'® for a 2-D model with an inner radius r,, =
0.01 m, an external radius r, = 0.1 m and cylinder height H = 0.2 m
under plane strain conditions. At this point it is assumed that the plane
strain assumption used for the modeling will not influence quantita-
tively the results. The geometry of the rock samples allows for quarter
symmetry. The model is sufficiently meshed around the cavity in order
to be able to resolve any small variations on the inner face of the spec-
imens caused by erosion. The finely meshed region extends 0.02 m from
the initial inner radius r,,. The model dimensions and the local region
mesh refinement exclude any boundary effects (i.e the numerically
eroded surface will remain close to the inner hole rather than reaching
the external boundary). The geometry and the detailed finite element
model is shown in Fig. (2): oy, is the external radial stress and A is the
length of the induced plastic zone.

The finite element model was created with the commercial soft-
ware.”* The model is fully coupled, hence the deformations and the pore
pressure degrees of freedom are the unknown variables determined by
the simulations. The finite element considered is the widely used CPE4P
which is a 4-node (with 23162 nodes in total) bilinear displacement and
pore pressure quadrilateral element (with 23184 elements in total).
With this problem size it is ensured that the amount of sand produced
will be accurately captured since the area available for erosion localizes
in a short regime near the hole dictated by the experimental hollow
cylinder tests (see Table 1).

According to the physics of the model described in section 2, the
application of radial external stress causes stress concentration at the
inner surface of the hollow cylinder inducing local plastic strains which
allows the onset and advancement of the erosion process. The simulation
proceeds in two steps: (A) an initial equilibrium step which allows the
material to respond to the external load, and (B) the dynamic step, in
which flow rate is turned on, poroplastic deformations develop creating
a plastic zone of depth A and the erosion process onsets and progresses.
Both solution steps operate under symmetry conditions d, = O at the
vertical axis, d, = 0 at the horizontal axis. The shear stresses at the
symmetry planes are considered to be zero. On the internal boundary of
the hollow cylinder, we applied zero radial internal pressure and zero
fluid pressure. On the external boundary, we applied a set of different

\ 4

!

— opl
=g thr

Fig. 1. Detailed description of the sand production coefficient behavior (eq. (8)) and (eq. (9)) used in the simulations.
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Fig. 2. From geometry to the application of boundary conditions and the resulting finite element mesh with a detail depiction of the very fine elements in the

erosion region.

Table 1
Input parameters used for the simulations.

Variable Value

Geometric Properties

Hollow cylinder internal radius, ri, [m] 0.01
Hollow cylinder external radius, oy [m] 0.1
Cylinder height, H [m] 0.2
Porous rock and fluid properties

Young modulus, E [MPa] 6750
Poisson ratio, v [—] 0.19
Cohesion, C [MPa] 3.7
Friction angle, ® [°] 37.4
Initial porosity, ¢¢ [-] 0.3
Initial rock permeability, k [md] 500
Solids density, poiia [kg/m>] 2640
Kozeny-Carman parameter, k, [m?] 8.956E-12
Dynamic viscosity, 4 [MPa-s] 5.0E-9

external radial stresses o, = {7.5, 8, 9, 10, 11} MPa while also consid-
ering a constant external pressure P, = 0.15 MPa throughout the
simulations. For each stress level, erosion was initiated and allowed to
produce sand particles for 8000sec. With the aforementioned boundary
conditions the initial flow rate Q that passes through the hollow cylinder
is given by:

P{’Xt
In(z)

Assuming a Kozeny-Carman coefficient kg = 8.956E-12 m? expres-
sion (10) yields Q = 0.5 L per min.

The simulation of sand production process leads to significant
deformation of the material, around the inner hole of the hollow cyl-
inder being modeled. The deformation is captured accurately by refining
with finite elements the regime which erosion is expected to be take
place. For this reason, high quality and sufficient meshing is important
in the modelling. In conventional, Lagrangian based finite element
analysis, the element nodes are connected to the material. Any

(10)

Flow rate : Q =2nkoH

deformation resulting from changes of the material will reflect on the
finite element mesh because the material boundary coincides with the
element boundary. This procedure will create moving surfaces and with
the application of boundary conditions, excessive finite element
distortion which will result in large deformations condemning the
method inappropriate for simulating the sand production process. On
the other hand, the Eulerian based finite element analysis, allows for
material changes to take place while the element nodes stay fixed in
space. As it is evident, with the Eulerian analysis mesh distortion is not
possible and the application of boundary conditions becomes a major
challenge as the material flow must be tracked down as a moving sur-
face. The Arbitrary Lagrangian-Eulerian (ALE) finite element analysis is
an adaptive meshing technique that combines the advantages of the
Lagrangian and the Eulerian analyses to simulate moving boundary/
surface problems. The advantage of ALE method is that mesh defor-
mation can behave independently from material changes making it
elegant for simulating the erosion process while preserving high quality
of finite element mesh throughout the simulation, even when either
excessive deformation or loss of materials occurs. For this reason, the
ALE methodology was considered the most appropriate for the purposes
of this work. The ALE adaptive meshing and adaptive constraints are
available in Abaqus. A detailed analysis on the ALE adaptive meshing
can be found in.>?! Physically, the erosion process results in progressive
removal of material from the free inner surface of the rock sample.
Modelling-wise the process is described by updating the boundary
conditions on the continuously created new surface emerging from the
removal of material once the volumetric criterion is met.

The rock samples are modeled as sandstones obeying a Mohr-
Coulomb yield surface. For the elastic component of the model, the
Young modulus and the Poisson ratio are assumed constant throughout
the simulations (i.e. Young Modulus-softening was not included in the
modelling). For the plastic part, the Mohr-Coulomb criterion is
described with the following properties: cohesion, friction angle and
dilation angle.

Here, we take into account the cohesion softening of the rock
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through the erosion process. The cohesion-softening in this model is
encoded by a plastic strain dependency of the cohesion parameter given
by the linear softening following the equation C = 3.7 — 50 &' [MPa]. At
this point we assume that the cohesion of the material due to the soft-
ening behaviour will not reach zero at failure. This assumption is
justified by experimental investigations.”” For the relevant range of
values of the plastic strain the dependence of the cohesion on ¢! is
shown in Fig. 3. The simplicity of this model is discussed below.

The porous properties of the rock are described by the dynamically
evolving porosity and permeability which arise as part of the solution,
starting from a uniform value of porosity. The input parameters for the
simulations include the geometry, the porous rock and permeating fluid
properties and are summarized in table (1). All the physical parameters
are taken from'® The iterative numerical solution of the non-linear
system of equations (section 2) is done via the Newton-Raphson
method. The continuity equations are integrated in time via a
back-ward Euler scheme and all variables are updated at the end of each
increment.

Finally, we acknowledge the following modelling and simulation
assumptions: (A) The adopted hydrodynamic model describing the
volumetric sand production (eq. (6)) associates the erosion process with
material yielding (plasticity) as a function of the external radial stress
applied at the hollow cylinder boundary. This assumption creates
maximum output of material yielding (e.g. worst case scenario) for a
given external radial stress magnitude. This assumption yields sand
production prediction rather conservatively both experimentally and
theoretically. We acknowledge that critical plastic strain criteria are also
available to predict sand production numerically, but the intention of
this work is an attempt to create an understanding on the volumetric
sand production coefficient A, and its dependencies with stress magni-
tude and plastic zone development using as few parameters as possible.
(B) We assume that the ALE formulation in the proposed finite element
model predicts sufficiently and accurately erosion onset and sand pro-
duction. The assumptions outlined above amount to a convenient
approximation allowing to propose our model. To the authors knowl-
edge, no complete physical understanding of sand production coefficient
A is known, therefore reducing the parameters influencing the problem
(e.g. equation (9)) is a rather good way to proceed with the investiga-
tion. Under these conditions the model could be potentially applicable to
more complex stress states (e.g. 2d or 3d anisotropic stress fields) and at
any scale from experimental to field-scale.

4. Analysis of simulation results

Fig. 4 shows the dependency of the initial value of the plastic zone
depth A on the external radial stress. The blue circle markers correspond
to the studied values of the stress 61, = 7.5, 8, 9, 10, 11 MPa while the
single red square marker corresponds to 7.46 MPa radial stress just to

3.8
— C = 3.7 — 50eP!
=
% 3.6
Q
~ 3.4
i
S
&
= 3.2
]
(@)
3.0 : : : ‘
0.0 0.002 0.004 0.006 0.008

Plastic Strain, e’

Fig. 3. Representation of the linear cohesion softening as a function of plas-
tic strains.
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Fig. 4. The initial plastic zone dependency on the externally applied
radial stress.

initiate plastic yielding of the material. These results are obtained
numerically from the simulations with Abaqus after balancing the
application of the external radial stress steps of (6, = 7.5, 8, 9, 10, 11
MPa) with material plastic yielding just before the erosion onsets. These
results are in complete agreement with the solution of the poroelasto-
plastic equations presented in Gravanis et al. (2015) ®and are shown in
orange cross markers.

The results show that the lowest value of the stress considered
experimentally (7.5 MPa) causes significantly smaller plastic zone than
the other values. Also, below that value the size of the plastic zone de-
creases quickly and vanishes at a value somewhat less than 7.46 MPa.
This behavior (plastic yielding) of the material is strongly related to each
behavior regarding the erosion process, as it will be discussed below.

Fig. 5, presents the sand production curves as derived from the finite
element model, for all values of 65 and compared with the experiments
of Papamichos et al. (2001)'° and the mathematical results of Gravanis
et al. (2015).° The experiments are represented with circle markers, the
mathematical results with dashed lines and the simulation with
continuous lines. The simulations were run for 8000 s i.e. 2.22 h of sand
production. One should bear in mind that the sand production coeffi-
cient 1 in the constitutive equation is turned on when plastic equivalent
strains for the Mohr-Coulomb yield criterion exceed a certain value
(e‘[’,lv), as shown in Fig. 4, beyond which A remains constant. This creates
a certain “delay” in the erosion onset. With A constant, that implies that
the simulated eroded mass curves do not contain the transient regime of
the experimental curves which is a result of the way the experiment was
performed (stress was increased stepwise gradually from 3 MPa to fail-
ure, above 11 MPa). By trial and error, we determine after a number of

simulations the value of the parameters ef,llr and A, for each value of the
external stress considered in the experiments of,'® so that the simulated
eroded mass curves best fit the experimental data. It is important to
mention that the starting time of erosion should get shorter as the stress
values go larger which is explained by the transition time of the ex-
periments. In the presented results this is not captured because the
erosion starting time is the result from trials so as to find the optimum
ef}ir and A which do not appear to have this trend. Also, for completeness
we include the theoretical sand production curves of,’ although the
latter are obtained with a different model for the sand production co-
efficient. Additionally, from the point of view of the material, an elas-
toplastic behavior with hardening could be used to possibly reduce the
discrepancy in the transient regime between the experiments and the
simulations. However, this will result in increasing the number of pa-
rameters influencing the estimate of 1, while our intention here was to
produce a hard estimate for the sand production coefficient. This is in
line with our choice to keep the input parameters at a minimum which
we also adopted in the hydrodynamic model.

From the analysis it is shown that the numerical model captures
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Fig. 5. Comparison of sand production curves between experimental (Papamichos et al., 2001), mathematical (Gravanis et al., 2015) and numerical for the various

external radial stresses o, = {7.5, 8, 9, 10, 11} MPa considered.

within reasonable accuracy the experimental for all the values of radial
stresses considered. One should observe that, essentially by the con-
stancy of the sand production coefficient, the eroded mass rate is nearly
constant in the simulations, however, one should note that at early times
a transient regime exists which is associated with the middle term of
equation (8) that we have reduced in the modelling via a Fortran sub-
routine. This fact together with the issue of the transient parts of the
experimental curves creates differences between them and the simula-
tions, which are quite visible in the 7.5 MPa case. After a certain time of
sand production, the surface area of the hollow cylinder enlarges which
reduces the frictional forces between the solid particles. This has the
direct result of reducing the sand production as it is seen in the exper-
imental curves under external level 6}, = 7.5, 8, and 10 MPa. This late
times effect (friction softening) cannot be captured by the current model
and will be the focus of future work. Furthermore, in Fig. 5 there appears
to be a better agreement between the simulations and other results at
higher stresses. The reason for this observation is that at low stress

magnitudes the erosion process evolves slowly thereby creating pro-
longed transient regimes until stabilized sand production can be
observed. For higher stress magnitudes, the erosion process evolves
faster suppressing the transient regime reaching earlier stabilized sand
production.

Fig. 6 shows the tangential and radial stresses as a function of dis-
tance for the case of 11 MPa external stress for the simulations (dashed-
red) and the mathematical model of Gravanis et al. (2015)° (con-
tinuous-blue), for early times and late times respectively. These curves
show the effect of softening on the stress fields as time evolves. As ex-
pected, as time progresses the tangential stresses drop at the inner sur-
face of the hollow cylinders causing also the lowering of the peak value
at the boundary of the plastic zone. Furthermore, as erosion progresses,
it also shown that the peak values move away from the hollow cylinder
axis thereby showing the progressive evolution of the erosion process.
The radial stress field configuration moves also away from the cylinder
axis as more material is eroded away. One may note that although the



P. Kakonitis et al.

Early times: 1000 sec

22

20

18

16

14

———- Simulation

12 .
— Gravanis et al.(2015)

10
0.01 0.012 0.014 0.016 0.018 0.02

Radial Distance, r (m)

Tangential Stress, oy (MPa)

Late times: 8000 sec

22

20

18

16

14

—-——- Simulation
—— Gravanis et al.(2015)

12

10
0.01 0.012 0.014 0.016 0.018

Radial Distance, r (m)

0.02

Tangential Stress, oy (MPa)

International Journal of Rock Mechanics and Mining Sciences 169 (2023) 105443

Early times: 1000 sec

=10
= (b)
~—r 8 ___——‘
S ,—”—‘
& ==
6 =
199] z
= 4 ‘,/’
[p]
= 2 —-—- Simulation
= — Gravanis et al.(2015)
<
o 0
0.01 0.012 0.014 0.016 0.018 0.02
Radial Distance, r (m)
g Late times: 8000 sec
< 10
= ()
_ 8 —=-
. 6 = -
199] o
% /”’
= 4 ,,/’
N [t
= 2 /’ ———- Simulation
= — Gravanis et al. (2015)
< 4
o 0
0.01 0.012 0.014 0.016 0.018 0.02

Radial Distance, r (m)

Fig. 6. Comparison between the simulations and the solution of Gravanis et al. (2015). (a) Tangential stresses and (b) radial stresses for early times 1000 s (0.27 h),

(c) tangential stresses and (d) radial stresses for late times 8000 s (2.22 h).

mathematical model has a completely different form of softening
(cohesion depends on the evolving porosity), the rough effect of cohe-
sion softening on the stress fields is nearly similar, for nearly the same
sand production.

The analytical model is constructed entirely on a different method-
ology as compared with the proposed finite element model. The
analytical model of Gravanis et al. (2015)7 is expected to behave better
because it considers the degradation of both the cohesion and the young
modulus of the material under consideration and the erosion coefficient
is given by a 3-parameter model which allows for flexibility in the
transient regime. However, in that work it was shown that the degra-
dation of the young modulus does not yield any significant results and
the contribution of the erosion strength stems from the material cohe-
sion and the erosion coefficient which is very elegant for finite element
modelling. The proposed finite element model considers the cohesion
softening as a function of the plastic strain level and with the reduced
erosion coefficient function (eq. (9)). It is important to note that the
transient regime was reduced to simplify the parameters affecting the
problem to a minimum. Despite their differences, the end-result of sand
production prediction compares fairly well. However, due to the
simplification of eq. (9), we acknowledge the discrepancies observed the
transient part of the sand production curves. Another strength of the
proposed model is shown in Fig. 6, where the tangential and the radial
stresses compare quite well for early and late times. Since the finite
element model compares with experimental data and an analytical so-
lution, it can be extended to include more complex stress states and in
more complex geometries other than the hollow cylinder tests that it was
constructed for, where the analytical solution cannot be applied.

The previous analysis allows us to study the dependence of the sand
production coefficient, determined by back analysis, on the magnitude
of the external stress. Such a model fills an important gap in our current

understanding of the hydrodynamic model given in eq. (6) describing
solids mass production. We best fit the values of sand production coef-
ficient by back analysis with a suitable power law function, given in eq.
(11):

Erosion coefficient : A, =4, (m> an

Omin

where Ay is a scale for the sand production coefficient (units inverse
length), o is the stress level at the external boundary (i.e. in the model is
op) while in general ¢ denotes the minimum insitu stress. o is the least
stress level to cause plastic yielding of the rock and n is an exponent. We
find the values: iy = 7.49 MPa, n = 0.1641, A3 = 0.0912m!. The
usefulness of the proposed model (equation (11)) is that the erosion
coefficient 4 which appears in the constitutive law (equation (6)) de-
pends on a number of factors and parameters of the erosion process.
Here, we merely investigate the dependency on the external stress field.
Furthermore, we show that with this model 1, will be the same for all
external stress levels, o, can be predicted analytically (see appendix)
and n is an exponent that can be obtained relatively easy as a fitting
parameter. With this way we reduce the number of unknowns to
determine the value of the erosion coefficient 1, which is usually treated
as a complex 3-paremeter function with a number of dependencies. One
may criticize that we still have to determine 1, which has the same
dimensions [1/m]. Indeed, but in the proposed model 13 will be con-
stant for all stress levels and will not vary as the stress field undergoes
changes. Therefore, the model predicts the erosion coefficient 1 as a
function of external stress only which is far simpler to obtain than the 3-
parameter function. At this point it is important to note that we do not
claim that the erosion coefficient 1 depends only on the external stress
level. Other dependencies may exist (e.g. fluid flux). It also worth to note
that the proposed empirical expression (11) was deduced from the
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hollow cylinder test, with all its simplifications, model described by
equation (11) has some general features that may be applicable to real
field application.

Fig. 7 presents the sand production coefficient 1, as a function of the
radial external stresses used to produce the numerical sand production
curves of Fig. 5. The estimated sand production coefficient A, is shown
with circle marker. As mentioned above, the hydromechanical model
employed in this work is based on the assumption that the onset of the
erosion is related with critical plastic strain criterion following plastic
yielding. In Fig. 4 we presented that the yielded zone for this specific
material occur when the external stress exceeds a threshold which is just
below the 7.5 MPa (in 7.46 MPa the plastic zone depth is 1 pm).

This is verified by the fitted value for the op,;, parameter of the power
law model of Eq. (11) which indeed turns out to be just below 7.5 MPa.
We should emphasize that this result follows solely from the trend of the
A2 dependence on the external stress. Therefore, the op,i, parameter may
be actually estimated theoretically, from the static poroelastoplastic
solutions, see e.g.,9 looking for the (maximum) value of the external
stress that does not cause any plastic yielding. In fact, neglecting the
effect of pressure one may derive an analytical expression (see Appen-
dix) for the opi, parameter, given by:

I T @
Omin = (1 _rT) C tan <Z+E) 12)

out

For the specific material the conditions of the present problem we
find the estimate to be oy, = 7.41 MPa which is 1% lower than the
estimated value, that is, it is decently close to the best fit result of 7.49
MPa. In fact, taking roy: to be large, this expression gives oyin = 7.49
MPa.

From the analysis performed, we see a physical connection between
the sand erosion coefficient 15 and the plastic zone depth A. From the
simulations, we have showed that the erosion coefficient 15 is influenced
by the external stress level o1, but also affects the plastic zone depth. We
propose another model describing the dependence of the sand produc-
tion coefficient on the depth of the plastic zone, A, which as opposed in
the model of eq. (11) encodes not only the properties for the material
and the external stress but also the effect of the pressure drawdown as
well. Mathematically, the model is given by:

Erosion coefficient : 4, = A" (13)

where f is a dimensionful proportionality constant and y is an exponent.
By best fitting to the values A, estimated by back analysis we find g =
0.4592 and y = 0.2379, where 15 and A are understood in meters. Fig. 8
presents the model curve in continuous line and the estimated Ay in
circle markers.

It is important to note how the plastic zone A and their shape was
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Fig. 7. The proposed expression to describe the dependence of coefficient 4, on
external stress.
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Fig. 8. The proposed expression to describe the dependence of coefficient 12 on
plastic zone depth A

determined. As discussed in the finite element model section, plastic
yielding follows the Mohr-Coulomb criterion. The plastic zones are
developed as a function of the stress level and continue to develop and
evolve as material erodes away. The calculation of the plastic equivalent
strains for the Mohr-Coulomb criterion are given by?*:

1
= / 2o de 14)

where &”! are the plastic strain increments, ¢ is the stress change in the
material and C is the material cohesion. Because the model is con-
structed as a hollow cylinder (see Fig. 2), the external stress boundary
condition is uniformly applied in the radial direction which allows for a
symmetrical plastic zone development. This geometric simplification
allows for sand particles to be produced symmetrically from the cylin-
ders’ inner surface forming a cylindrical erosional surface. Fig. 9 shows
the plastic zone development (eq. (14)) around the inner cavity of the
hollow cylinder. Starting from the inner surface, the material than has
eroded away is shown as a grey color region depicting that the eroded
surface has progressed from its initial location. As the erosion process
evolves, more material is made available for plastic yielding and in turn
to erode. The material participating in plastic yielding, is the colormap
region. Finally, the intact material that has not yielded is shown as the
region with blue color. Thus, due to the symmetrical geometry and the
radial boundary condition, the plastic zone shape can be easily deter-
mined. The simulation time for Fig. 9 is 8000 s or 2.22 h. It is important
to note that for different geometries and stress state conditions, the
erosional surface and the plastic zone shape determination will not be
symmetrical. In such cases, the final eroded shape and plastic zone shape
will be a natural outcome of the ALE solution ensuring actual erosional
shape, plastic zone shape and numerical stability.

5. Conclusions

In this work, we revisited the problem of sand production in hollow
cylinder tests in the context of the hydrodynamic modelling of the
erosion process with the aim to provide the -currently inexistent-
empirical relations for the sand production coefficient of those models
as a function of the external conditions. Such relations may be antici-
pated on the basis of the physical assumptions of the hydrodynamic
models of erosion which associate the erosion process with the effect of
plasticity, as the latter is a result of the external stress.

To this end, we deduce empirical values for the sand production
coefficient A, by best fitting the experimental data of'? with numerical
simulations. The results show that 15 does indeed have a fairly smooth
dependence on the external conditions. We propose two models to
describe that dependence. The first one postulates 15 as a function of the
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Fig. 9. Numerical solution for the equivalent plastic strains showing the eroded surface, the associated development of plastic zone A, and the shape of the plastic

zone during evolution. Simulation time is 8000 s (2.22 h).

external stress and involves three parameters: a scale parameter, an
exponent, and a stress value where 15 vanishes. It turns out that the latter
parameter value is very close to the minimum external stress required
for creation of plastic yielding. This finding, elaborates further the
assumed association of the erosion process to plasticity. One may note,
that the minimum stress for plastic yielding can be estimated theoreti-
cally and we provide the relevant result, thereby essentially eliminating
one of the three parameters of the model. The second model we propose
relates Ao with the plastic zone depth through a power law expression.
The possible relevance of this model lies in the fact that the plastic zone
depth includes the effect of pressure drawdown (although this effect is
somewhat small in the case under consideration).

The proposals made in this work aim at refining the hydrodynamic
erosion models in the direction of clarifying the nature of the purely
phenomenological coefficient 1,. In order to establish the range of val-
idity of the proposed models, especially the stress dependent one, in
particular the possible universality or the dependencies of the scale
parameter and the exponent, further and detailed comparisons with

Appendix

experimental data is required. This is left for future contributions.

The proposed approach, used for the simulations can be considered a
quite useful tool for characterization of soils, sediments, or any
geological media in terms of their erosivity. Furthermore, the prediction
of the volumetric erosion law parameters (e.g. 1) can be used in turn in
predictive modelling. This also highlights its importance for simulating
industrially related applications as a decision-making tool useful in well
completions and perforation strategy management.
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We use the results of Gravanis et al. (2015) to derive eq. (12). Neglecting the effect of pressure, the stress field solution on the elastic side, i.e. r >

TintA, is

1
6, =00+ C2 |: )
Tout

1 1 1
5 109 =00 + C2 aJrrj

(A1)

where Cj is an integration constant to be determined by the continuity conditions across the plastic zone boundary, ooy is the external stress on the
outer boundary of the rock sample, rqy is the outer radius, and ri, is the inner radius. The fields o, and oy are the radial and tangential stresses,

respectively.
In the plastic zone side, i.e. r < rip+A, the stress field is given by
k=1 Sy

e
=0 kT T k1 {1 _’_!(7,1:|~,0'():SU + Ko,

where oy, is the inner radius stress, and

(A.2)
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O]
K= tan2 (g + 5) y S() = 2C\/I? (A3)

where C is material cohesion [MPa], ® is the material friction angle [0], So is the uniaxial compressive strength [MPa]. The continuity condition across
the plastic zone boundary reads

Oy clastic (Tin + A) = 0 plastic (Fin + ), 0g etastic (Fin + A) = 09 prasiic (rin + A) (A.4)

The first condition provides a value for the integration constant Cs. Setting the plastic zone depth A = 0, and considering the pertinent case oj, = 0,
one straightforwardly finds

I T @
Oou = < - rT) C tan (Z + E) (A.5)

out

which we identify as an estimate for the o, parameter of the model in eq. (11).
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