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ABSTRACT

Dynamic simulation of power systems provides the system’s response to a disturbance, which is a critical
tool for optimally operating it and ensuring security. However, with increasing technological advance-
ments and interconnecting neighbor networks, today’s power systems have become a complex intercon-
nected network of heterogeneous devices. Some traditional devices, such as synchronous machines, have
slower responses, and some others, such as electronic-based devices, have faster responses. This leads
to a system modeled with numerically stiff differential-algebraic equations. Furthermore, the existence
of different kinds of components in the system, such as breakers and digital controllers, makes the sys-
tem hybrid, i.e., discontinuities arise during the simulation that must be handled carefully. Thus, dynamic
power system simulation requires solving numerous sets of nonlinear, stiff, hybrid Differential-Algebraic
Equations (DAEs).

In the case of hybrid systems, the real challenge is the integration over discontinuities since the solver
must reduce the time step and land on the discontinuity, ensuring an accurate solution. Digital controllers
are a classic source of discontinuities, introducing one discontinuity per sampling action. Therefore, the
simulation of power systems with multiple digital controllers causes numerous discontinuities over the
simulation horizon. Stopping at each sampling action and reducing the time steps constantly is challeng-
ing, leading to a slow and computationally inefficient simulation.

In this thesis, first, the modeling of digital controllers and its challenges is discussed, then, the meth-
ods capable of simulating them are reviewed. A family of methods based on interpolation is proposed to
tackle the issue of the simulation of power systems with digital controllers. The proposed methods are
compared to already existing methods in terms of accuracy and performance. It is shown that, for ex-
ample, the interpolation-based method is more than 16 times faster than the conventional step-reduction
method for a system with 9 digital controllers. This performance gap between the methods expands as the
number of controllers increases, since the conventional method’s time steps become more limited while
the proposed method takes relatively large time steps.

Furthermore, Many variations of the proposed methods are also developed, suited for different sit-
uations. For example, a light version of the interpolation-based method is devised for the simulation of
computationally heavy controllers, which is about 40 percent faster than the original interpolation-based
approach. Also, a novel approach for simplified simulation of power systems with digital controllers
is proposed, which improves the accuracy of the traditional simplified simulations. Last but not least, a
variation of the proposedmethod is also developed, which is based on solving the controller inputs instead
of its outputs. The simulations revealed that this approach improves the performance over the original
method by about 18 percent. Finally, an implementation of the interpolation-based approach using the
Modelica language is provided to make it accessible.

It should be noted that all the proposed interpolation-based methods have the advantage of being
able to solve systems with non-equation-based digital controllers, such as machine-learning-based con-
trollers with a variable time step approach, which is not possible with any conventional methods. In other
words, the conventional methods cannot simulate the non-equation-based digital controllers quickly and
accurately, as either they have to reduce the time steps constantly to catch the sampling actions of the

v



controllers, or ignore some events to speed up. Furthermore, conventional variable-step solvers that rely
on modeling the controllers with continuous equations will fail to model and simulate those types of
controllers, as the y cannot be described with DAEs.

Keywords: Digital controller, discontinuity handling, interpolation methods, power system simula-
tion, differential-algebraic equations, Jacobian approximation, hybrid systems.
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1 Introduction

1.1 Motivation

Dynamic simulations under the phasor approximation are a cornerstone of modern power system anal-
ysis, used globally to evaluate system response to large-scale disturbances such as faults, line outages,
or sudden generation loss. Over the past few decades, these simulations have evolved into indispens-
able tools for a wide range of stakeholders involved in the planning, design, operation, and protection
of electric power systems. They provide a practical and computationally efficient means to study elec-
tromechanical dynamics over time scales ranging from seconds to minutes, making them particularly
well-suited for transient stability studies and control system evaluation. Power system operators depend
on high-fidelity, real-time simulations not only for analyzing contingencies and assessing the dynamic
security of the grid, but also for training control room personnel and conducting comprehensive what-if
scenario analyses. These simulations play a critical role in the reliable scheduling of day-ahead oper-
ations by helping operators understand how the system will behave under varying load and generation
conditions. On the planning side, engineers and researchers use dynamic simulations to investigate the
long-term impacts of proposed infrastructure developments, including the addition of new transmission
corridors, the integration of intermittent renewable energy sources, the deployment of advanced grid-
forming inverters, and the retirement of legacy thermal plants. As power systems become increasingly
complex and decentralized, the role of dynamic simulation is only set to grow, supporting the transition
to a more resilient, sustainable, and digitally controlled energy grid.

Dynamic simulations of electric power systems require the numerical solution of large sets of non-
linear, stiff, and hybrid Differential-Algebraic Equations (DAEs) that capture the system’s physical dy-
namics, component interactions, and embedded control schemes. These DAEs represent the behavior of
synchronous machines, power electronic converters, loads, protection systems, and controllers, among
others. In large-scale interconnected transmission networks, the system can easily involve hundreds of
thousands of equations. These equations span a wide range of time scales, from sub-millisecond elec-
tromagnetic transients to slower electromechanical oscillations lasting several seconds. Additionally, the
presence of discrete events, triggered by protection devices, limiters, tap changers, switching actions, or
digital controllers, introduces hybrid behavior that further complicates the simulation process. The result-
ing numerical problem is not only highly stiff and nonlinear but also subject to frequent discontinuities,
which makes robust and accurate integration particularly challenging. As a result, dynamic simulations
are computationally demanding, often requiring sophisticated solvers, adaptive time-stepping techniques,
and significant computing resources. For large networks or high-fidelity models, simulations can easily
push the limits of standard computing platforms, especially when real-time or near-real-time performance
is needed for control room applications or hardware-in-the-loop testing.

With the ongoing modernization of power systems, virtually all contemporary control and protection
devices are implemented digitally, introducing new layers of complexity into dynamic simulation studies.
These devices range from classical control schemes, such as proportional-integral (PI) or proportional-
integral-derivative (PID) controllers, to more advanced and adaptive strategies based on artificial intelli-
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gence (AI), optimization algorithms, and machine learning techniques. Their integration into large-scale
dynamic simulations has become increasingly important, not only to validate the performance of indi-
vidual devices but also to analyze their interactions with the broader power system under various op-
erating conditions and disturbance scenarios. However, incorporating digital controllers into traditional
simulation frameworks is far from straightforward. Most power system dynamics are modeled using
continuous DAEs, which describe the continuous evolution of voltages, currents, rotor angles, and other
system states. In contrast, digital controllers operate in discrete time, executing control logic at specific
sampling intervals. This mismatch in time representation creates a hybrid system dynamic that is dif-
ficult to model and simulate accurately. Embedding discrete-time logic within continuous DAE-based
solvers requires careful treatment of signal sampling, event detection, and synchronization between con-
tinuous and discrete components. These challenges are further amplified when multiple digital devices
are involved, each with different sampling rates, delays, and logic paths. As such, accurate simulation
of modern power systems demands advanced modeling techniques and hybrid numerical solvers that can
seamlessly handle both continuous dynamics and discrete events.

Digital controllers operate by sampling signals at fixed intervals, processing them, and updating
control outputs in discrete time steps. The digital sampling actions of controllers introduce disconti-
nuities into the otherwise smooth trajectory of the simulation. Each time a controller samples and a
signal updates its output, a discrete event occurs, potentially causing abrupt changes in control signals
or triggering switching actions. In systems with many digital controllers, such as wide-area protection
schemes, distributed energy resource inverters, or modern grid-forming controls, these discrete actions
can number in the hundreds or even thousands during a single simulation window. Each of these events
must be precisely detected and handled to maintain numerical stability and ensure the accuracy of the
results. Failure to properly account for these discontinuities can lead to missed events, incorrect system
behavior, or convergence issues in the numerical solver. Consequently, simulating such systems requires
hybrid simulation techniques with robust event-handling mechanisms and tight synchronization between
discrete-time control logic and continuous-time system dynamics.

1.2 Aims and Objectives

This work begins by investigating the modeling and integration of digital controllers within power sys-
tem dynamic simulations. It addresses the unique challenges that arise when simulating digital control
systems, characterized by their discrete-time behavior, alongside the continuous-time dynamics of power
system components. Particular emphasis is placed on understanding how these challenges affect the ac-
curacy, stability, and computational performance of the overall simulation. The study then delves into
the critical issue of handling discontinuities, which are introduced primarily by the sampling actions and
logic switching inherent in digital control. Various types of discontinuities are identified and categorized,
along with a discussion of the specific numerical and modeling difficulties they introduce. Existing ap-
proaches in the literature for managing such hybrid dynamics are reviewed and assessed in terms of their
effectiveness and limitations. Building on this foundation, the work proposes novel methods to address
the identified challenges, aiming to enhance both simulation accuracy and computational efficiency.

First, a novel interpolation-based method is proposed for handling numerous discontinuities arising
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from the operation of digital controllers. The proposed approach is devised to increase the performance
of the simulation of power systems under control by digital controllers by taking relatively large time
steps and integrating over multiple discontinuities. This is achieved by interpolating the feedback of
digital controllers at sampling points of time and refining the controller outputs alongside the system’s
state variables in the Newton solver.

A comprehensive Jacobian investigation is performed on the proposed method to identify the best
performance choice. Furthermore, a decoupled version of the proposed method is introduced with a
simplified Jacobian built, and consequently, improved performance.

A light version of the proposed approach is proposed for handling the computationally demanding
controllers during the simulation. These types of controllers are expensive to call, and a light approach
that calls them the minimum number of times in each time step can lead to a significant performance
increase. This light method covers the overcalling issue of the proposed method, which leads to a slow
simulation while facing computationally demanding controllers.

A simplified simulation method designed specifically for the simulation of digital controllers is also
proposed. This method covers the accuracy issues that the traditional simplified method suffers from
when facing multiple digital controllers.

Finally, another variation of the interpolation-based method that moves the Jacobian construction to
the controller input instead of its output is proposed. This new approach has a few advantages, such as
not introducing any new type of variables to the solver since the controller inputs are the system’s state
variables only at different points in time.

Finally, an open-source Modelica implementation of the proposed interpolation-based method is
devised to make it accessible and evaluate its application in simulation software packages.

1.3 Structure of the Thesis

Chapter 2 In this chapter, various modeling approaches for digital controllers are examined, with a
focus on their impact on the accuracy and performance of power system dynamic simulations. The trade-
offs between model complexity, computational burden, and simulation fidelity are discussed in detail.
To illustrate the practical implications of these modeling choices, two case studies are presented. In
each case, the dynamic response of the system is simulated using both analog (continuous-time) and
digital (discrete-time) controllers under identical operating conditions. The results are then compared to
highlight key differences in system behavior, numerical stability, and computational performance. These
case studies provide valuable insight into how the choice of controller modeling strategy can influence
the simulation outcomes and why it is vital to stay loyal to the real controller’s nature while modeling it.

Chapter 3 Handling discontinuities in power system dynamic simulations presents significant chal-
lenges, both in terms of computational complexity and numerical accuracy. Discontinuities must be re-
liably detected at each simulation time step. Once identified, their precise locations must be determined
with high accuracy to ensure the fidelity of the simulation results. Moreover, appropriate numerical tech-
niques must be employed to bridge the solution across the discontinuity, preserving the physical integrity
and stability of the simulated system response. This chapter presents a comprehensive review of various
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methodologies for discontinuity detection, location, and treatment as reported in the existing literature.
Additionally, complex and often non-trivial scenarios that may emerge during each stage of discontinuity
handling, such as simultaneous events, rapid sequences of discontinuities, and numerical instability, are
thoroughly discussed. Potential strategies and algorithmic enhancements proposed in prior research to
mitigate these challenges are also presented.

Chapter 4 In this chapter, classical methods for simulating digital controllers within power system
dynamic simulations are first categorized and systematically reviewed. While effective in some contexts,
these methods often impose limitations on efficiency and accuracy, particularly when dealing with large-
scale systems featuring numerous digital controllers. To address these challenges, a novel method is pro-
posed for efficiently handling time events in systems with a high density of digital control elements. The
proposed approach introduces an interpolation-based treatment of discrete events within each simulation
time step. Crucially, this method allows for the accurate modeling of digital controller actions without
interrupting the ongoing simulation or requiring a reduction in the time step. As a result, it preserves the
advantages of variable time-step integration techniques and avoids the performance degradation typically
associated with fine-grained time-step enforcement. This approach focuses specifically on the first stage
of discontinuity treatment by embedding event information seamlessly into the simulation process. The
second stage, which involves bridging the solution across the event, remains dependent on the specific
numerical integration method employed.

Chapter 5 This chapter extends the proposed method to a variety of methods, each suitable for
specific simulations. In summary, a simplified simulation approach appropriate for the simplified simu-
lation of power systems with digital controllers is proposed. In addition, a light version of the proposed
approach is discussed that is able to quickly solve systems with computationally demanding digital con-
trollers. Furthermore, a modified version of the proposed method is devised that is based on solving the
controller inputs instead of the outputs, which offers several numerical advantages.

Chapter 6 This chapter provides an implementation of the proposed approach using Modelica, an
open-source simulation platform. The Modelica version of the proposed method is a fixed-step approach
that integrates the proposed method inside the controller blocks. In this way, only the controller blocks
are replaced with new custom-made blocks and the rest of the system and solvers remain the same.

Chapter 7 In this chapter, the main contributions of the thesis are summarized, highlighting the key
findings and advancements made in the area of power system dynamic simulation and digital controller
modeling. The effectiveness and applicability of the proposed methods are reviewed in light of the chal-
lenges addressed throughout the work. Additionally, several potential directions for future research are
outlined.

Overall, this thesis builds upon the following material, which has been published, submitted, or is
currently under preparation for various journals and conferences:

Published:

• [7] M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Modeling
of Digital Controllers in Electric Power System Dynamic Simulations, in 2023 IEEE Belgrade
PowerTech, 2023.

• [8] M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Methods for
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Incorporating Digital Controllers in Power System Dynamic Simulations, Electric Power Systems
Research, 2024.

• [9] M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Decou-
pled Interpolation-based Method for Numerical simulation of Digital Controllers, in 2024 IEEE
SysCon, Montreal, 2024.

• [10] M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. A Moelica
IBM Implementation for Fast Simulation of Digital Controllers in Power Systems, in 2024 IEEE
OSMSES, 2024.

• [11]M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Handling of
Computationally Demanding Digital Controllers in Power System Dynamic Simulations, in 2024
IEEE SyNERGY MED, 2024.

• [12] M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Fast and
Accurate Simulation of Smart Digital Controllers in Power System Dynamic Studies, Sustainable
Energy, Grids, and Networks, 2025.

Under preparation:

• M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Moved Jacobian
Interpolation-based Method for Numerical Simulation of Digital Controllers in Power System Dy-
namic Studies.

• M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Dynamic Simu-
lation of Power Systems with Digital Controllers: A Review of Challenges and Methods.

Under review:

• M.Jafari, G. Bureau, M. Chiaramello, A. Guironnet, P. Panciatici, P. Aristidou. Simplified Simu-
lation of Digital Controllers in Power System Dynamic Studies, Submitted to 2026 Power Systems
Computation Conference.

The code files related to the published papers can be found in a GitHub repository 1. The reader can
refer to Appendix II for more information.

1https://github.com/SPS-L/Discrete-controller-handling
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2 Digital Controller Modeling in
Power System Dynamic Simulations

Digital controllers are a serious source of discontinuities in power system dynamic simulations. Due to
their sampling, they introduce numerous time events, each needing to be handled effectively to ensure
accuracy.

Traditionally, controllers are modeled using differential-algebraic equations (DAEs), just like other
continuous components of a system. These equations are combined with the system’s DAEs and solved
together. While this method works well for analog controllers, it does not accurately represent digital
controllers because it overlooks the effects of sampling. As a result, simulations involving digital con-
trollers may produce inaccurate results. Despite this limitation, the method remains popular in large-scale
simulations due to its simplicity and computational efficiency.

In the rest of this section, different approaches for modeling controllers and their impact on accuracy
and performance are investigated. Furthermore, two case studies are utilized to compare the simulation
results of a system with analog and digital controllers.

2.1 Controller modeling

The modeling of digital controllers heavily affects the results of the dynamic simulation of the system
under control. The modeling choice of the controller changes both the accuracy and performance of the
simulation. Therefore, modeling the controller effectively and as closely as possible to the real component
is vital. This section describes the methods used for modeling controllers in power system time-domain
simulations and investigates the impact of modeling on the simulation accuracy and performance [13].

2.1.1 Block diagrams and transfer functions

Block diagrams are the most commonly used representation in power systems literature and standards to
illustrate controller structures, primarily due to their simplicity and clarity (e.g., [2, 14]). For example,
Fig. 2.1 shows a simplified excitation system model (SEXS), where the controller’s inputs, intermediate
states, and their respective functions can be easily identified.

VS

VC

VREF

+

+

− VI EFD

EMAX

EMIN

1+sTA
1+sTB

1
1+sTE

Figure 2.1: Block diagram of SEXS controller that can be used for controlling a synchronous generator
voltage output [2]

Despite their clarity, this simplicity has often led to variations in howmodels are implemented across
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different simulation software, resulting in notable discrepancies in system responses. This is largely
because block diagrams seldom specify the detailed implementation of certain features, such as anti-
windup integrator limits, selection flags, or the handling of violations. To address these inconsistencies,
several technical reports and standards have been updated to provide clearer guidance on implementing
even basic and widely used control blocks, such as the IEEE anti-windup integrator [15].

This form of representation is inherently linked to the s-domain transfer functions of the individual
components of the controller. For example, based on the block diagram shown in Fig. 2.1, the transfer
function equations corresponding to the SEXS controller can be derived—under the assumption that the
limits (EMIN , EMAX ) are not active—as follows:

EFD(s) =

(
1 + sTA
1 + sTB

)(
1

1 + sTE

)
e(s) (2.1)

where e(s) denotes the input and EFD(s) the output.

Both block diagram and transfer function representations are based on an input-output framework, in
which outputs are explicitly defined as functions of the inputs. These models adhere to a causal modeling
approach, and the block-oriented paradigm they embody has served as the foundation for the vast majority
of general-purpose modeling languages used in physical system modeling.

2.1.2 Differential-algebraic equations

To circumvent certain limitations of causal modeling and enable integration of controllers into large-scale
power system dynamic simulation tools, an acausal modeling approach can be adopted. In this frame-
work, models are represented using undirected differential-algebraic equations (DAEs), which enhances
their reusability and composability, which are key benefits for tackling the complexities of large-scale
simulation. This acausal paradigm is embraced by modern modeling languages such as Modelica [16].
For example, equation (2.1) can be reformulated as:

TEĖFD(t) = VI(t)− EFD(t)

TBV̇t(t) = e(t)− Vt(t) (2.2)

0 = TAe(t) + (TB − TA)Vt(t)− TBVI(t)

where Vt(t) is a temporary variable.

It can be seen that the notion of input-output has been removed from this representation. However,
the controller equations can now be used in a simulation software package based on solving DAEs.

2.1.3 Discrete domain and difference equations

Most controllers in use today are digital. To enable model-based control design or evaluate system per-
formance, security, and stability, a hybrid analysis (such as the one illustrated in Fig. 2.2) is required. In
this setup, the analog-to-digital converter (ADC) samples selected variables from the controlled system,
denoted as y(t), at a fixed sampling interval Ts, producing discrete-time signals y(k) that are fed into
the digital controller. The controller generates a discrete output u(k), which is passed through a digital-
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to-analog converter (DAC) to produce a continuous signal that actuates the system. In most practical
applications, the DAC is usually a Zero-order Hold (ZOH) model [17]. The ADC and DAC blocks also
perform a quantization on the amplitude of the sampled signal. The range of the amplitude of the signal is
divided into a discrete number of smaller parts with specific different values. This allows for converting
a continuous signal into a discrete one with a precision specified by the number of bits that determines
the number of small intervals [18], consequently, the converted signal’s precision.

Ref(k) e(k) u(k) u(t) y(t)

y(k)

+ −
Digital Controller System

ADC

DAC

(a)

Ref(t) e(t) u(t) y(t)

y(t)

+ −
Analog Controller System

(b)

Figure 2.2: Interface of controllers in a (a) hybrid and (b) continuous system analysis

A discrete-time representation of a controller can be readily derived from its continuous-time trans-
fer function using various discretization techniques, such as Zero-Order Hold (ZOH), First-Order Hold,
Forward or Backward Difference, and the Trapezoidal method (also known as Tustin’s approximation).
For example, applying the Backward Difference method to equation (2.1) yields:

EFD(z) =
zTs(z(Ts + TA)− TA)

(z(Ts + TB)− TB) (z(Ts + TE)− TE)
e(z) (2.3)

Consequently, difference equations are more useful to implement the controller in simulation soft-
ware packages. Therefore, the following equation will be derived:

EFD(k+1) =
1

(Ts + TB)(Ts + TE)
[EFD(k)(TE(Ts + 2TB)

+ TsTB)− EFD(k−1)(TBTE)

+ e(k+1)(Ts(1 + TA))− e(k)(TsTA)] (2.4)

The output of the formula at time t = tk = kTs is held constant over the period t ∈ [kTs, (k + 1)Ts)

(assuming a ZOH DAC). These equations are then finally implemented in the control loop of the digital
controller hardware.

2.2 Digital controller simulation challenges

Over the past few decades, power system controls, whether locally deployed on individual components
or implemented as wide-area solutions, have largely transitioned to digital platforms, with all newly
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installed controllers now being digital by default. This widespread adoption of digital control introduces
considerable challenges for power system modeling and simulation. In particular, the discrete nature of
digital control actions, stemming from their formulation using difference equations and governed by their
sampling intervals, leads to the injection of thousands of discrete events into the system simulation[19].
These time events can modify the DAEs (state events) too. Figure 2.3 illustrates the discrete-time events
occurring in a small system equipped with three digital controllers operating at different sampling rates.
Each bar in the figure marks an instance when at least one controller samples its input. In this example,
the controllers have sampling intervals of 0.1 s, 0.12 s, and 0.15 s. When such a system is simulated using
a standard variable time-step solver, these discrete events force the simulation to frequently reduce the
time-step and momentarily halt before resuming, thereby increasing the overall computational burden.
They also make the simulation significantly slow due to the constantly reduced time steps. Managing the
large number of discontinuities introduced by digital controllers remains an ongoing challenge and often
requires specialized, time-intensive techniques.
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Figure 2.3: Discontinuities occurrence in a system controlled by three digital controllers with 0.1, 0.12,
and 0.15 seconds of sampling times, during 5 seconds of simulation

A commonly adopted strategy to overcome this challenge is to represent digital controllers using
their continuous-time equivalents [7]. This approach helps eliminate discrete time events, enabling the
use of traditional analysis techniques, such as variable time-step solvers, that can significantly improve
simulation efficiency. However, accurately replicating the behavior of digital controllers, along with their
associated ADC and DAC converters, within a continuous DAE framework is challenging. The continu-
ous approximation may fail to capture key characteristics of the actual digital implementation. Moreover,
this analog representation can introduce artificial issues not present in the real system, particularly due
to time delays introduced by ZOH mechanisms in digital controllers. For example, simulations may ex-
perience deadlocks caused by limits on controller variables, as demonstrated in the IEEE Anti-Windup
(AW) controller case studies in [20, 21], which is not the case in digital controller implementation. Ad-
ditionally, some types of digital controllers (such as those based on optimization algorithms or artificial
intelligence) cannot be modeled with analog equivalents.

2.3 Simulation results to showcase the problem

To illustrate the problem more clearly, several case studies are presented in the following sections. The
first one examines the simulation of an IEEE 421.5-2016 AW PI controller in both open-loop and closed-
loop configurations, comparing its analog implementation with digital versions using various sampling
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intervals. Next, a 3-bus power system equipped with an Automatic Voltage Regulator (AVR) and a gov-
ernor is analyzed, again contrasting analog and digital control implementations under similar conditions.

All simulations shown below employ a predictor-corrector integration scheme that combines a second-
order Adams-Bashforth (explicit) method with a second-order Adams-Moulton (implicit) method. The
Milne’s estimate is used for computing the local truncation error, and the Newton formula is utilized for
solving DAEs [22]. Unless stated otherwise, the integration step size is fixed at 1 ms across all simu-
lations, and the sampling intervals of the digital controllers are selected to be integer multiples of the
simulation time step. Additionally, both the ADC and the ZOH DAC use a uniform 16-bit quantization.

2.3.1 PI controller formulation

PI controllers are widely used in power systems for many applications due to their simple structure and
tuning process. The IEEE recommended 421.5-2016 AW PI controller shown in Figure 2.4, formulation
as a DAE model [15], including the limits, is given by:

If y ≥ wmax : w = wmax and ẋ = 0

If y ≤ wmax : w = wmin and ẋ = 0

Otherwise ẋ = kiu and w = y = kpu+ x

(2.5)

where y and w are the controller outputs before and after the limit, respectively. Also, x denotes the
internal state variable of the controller. ki and kp are the controller blocks’ parameter and u is its input.
Finally, the AW maximum and minimum limits are defined using wmax and wmin.

Denoting sampling time by T , and for simplicity, discretizing the controller using the Forward Dif-
ference method results:

If yk ≥ wmax : wk+1 = wmax and xk+1 = xk

If yk ≤ wmax : wk+1 = wmin and xk+1 = xk

Otherwise xk+1 = kiukT + xk and

wk+1 = yk+1 = kpuk+1 + xk+1

(2.6)

kp

ki
s

u
+

x

y

wmin

wmax

w

Figure 2.4: Block diagram representation of IEEE 421.5-2016 AW PI controller

It should be noted that the equation set (2.5) will be used for analog simulations of the PI controller,
while (2.6) will be used for its digital version.
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2.3.2 Open-loop PI controller test system model

First, a simple open-loop example is considered in which the input u is varied over a 6.5 seconds horizon
as (2.7). The parameters of the controllers are set to ki = 3 and kp = 1 and the limits are set to wmin =

−1.2 and wmax = 1.2.

If t < 3 : u̇(t) = 1; Else : u̇(t) = −1 (2.7)

0 1 2 3 4 5 6
Time (s)
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1

2

3

4
y
w
u
x

Figure 2.5: Results of simulation of the analog AW PI controller in the open-loop test system
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Figure 2.6: Number of Newton iterations for each time step between the times 5.56 and 5.66 s for the
simulation of the analog AW PI controller in the open-loop test system
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The results of different variables of the controller for a 6.5-second simulation are illustrated in Fig 2.5.
The input initially drives the controller output y beyond its upper limit, then it returns and remains exactly
on the limit for some time. This numerical issue, known as deadlock [15], causes the controller output
to fluctuate as the controller switches back and forth between two states. This happens since around
t = 5.57, y goes below the maximum limit wmax and tends to decrease while the input u is still positive,
pushing the controller output to increase. This leads to locking and unlocking x in each Newton iteration
of the solver as shown in Fig 2.6, which lists the number of Newton iterations for each time step. It should
be noted that the maximum number of Newton iterations allowed is set to 10 before the solver is forced
to move to the next time step or repeat the current one based on the value of the estimated error.

The same simulation is repeated with the digital version of the controller with different sampling
times. The controllers’ output y are illustrated in Fig 2.7, and its zoomed version in Fig 2.8. When the
sampling time is equal to 1 ms, which is also equal to the time step size, the digital controller output
resembles the analog one. This happens since the equations of the analog controllers (2.5) are discretized
by the integration method, which has the time steps landing on the controller’s sampling times. However,
as the sampling time changes, the output varies. This is due to the fact that the equation set of the digital
controller updates at each T > h instead of every time step for the analog controller.

0 1 2 3 4 5 6
Time (s)

0

1

2

3

4

y

Analog
Digital (T=0.001)
Digital (T=0.002)
Digital (T=0.02)
Digital (T=0.2)

Figure 2.7: Results of simulation of the digital AW PI controller with different sampling times in the
open-loop test system
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Figure 2.8: Results of simulation of the digital AW PI controller with different sampling times between
5.56 and 5.66 s in the open-loop test system
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Figure 2.9: Number of Newton iterations for the continuous and digital AW PI controller with different
sampling times between 5.56 and 5.66 s in the open-loop test system (all digital controllers have only one
iteration)

Furthermore, chattering is observed across all models, with its amplitude varying depending on the
sampling time. Nevertheless, as illustrated in Fig. 2.9, which presents the number of Newton iterations
required for both the continuous and digital controllers, the digital controllers demonstrate significantly
better computational performance. Additionally, the likelihood of a deadlock occurring in the digital
controller models is eliminated. This is attributed to the use of a zero-order hold (ZOH) approach for
updating the limits, which inherently introduces a time delay.
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2.3.3 Closed-loop PI controller test system model

In this case study, the PI controller is utilized for driving a simple continuous system with two differential
equations as shown in Fig. 2.10: [

ż1

ż2

]
=

[
a b

−b 0

][
z1

z2

]
+

[
−b
0

]
w (2.8)

The parameters of the controller are kept the same as the previous case study, and kf = 0.1. In addition,
the parameters of the continuous system are set equal to a = −0.1 and b = 0.9.

+

kp

ki
s

u
+

x

y

wmin

wmax

w
+

−

kf

z
Continuous
System

Figure 2.10: A simple continuous system controlled by the digital PI controller

First, the same input variation defined in (2.7) is applied. The output z2 of the system is depicted in
Fig. 2.11 for analog and digital controllers with different sampling times. It can be seen again that for T ≤
h, the responses of the digital controller and the analog one are identical. However, a significant variation
is observed for T > h. Therefore, simulating the systems that are under control by digital devices must be
modeled and simulated numerically using the digital controller’s model defined by difference equations
and not the continuous one. Otherwise, the effect of the sampling rate of the digital controller will be
overlooked, and the wrong analog output will be obtained.
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Figure 2.11: System’s output z2 for the analog and digital controllers with different sampling times in the
closed-loop test system (first scenario)

In the second scenario, instead of (2.7), a unit step change is applied to u = 0 → 1 with kp = 2,
ki = 1, kf = 1, a = −0.2, b = 0.9, wmin = −1.1, and wmax = 1.1. The response is illustrated in
Fig. 2.12 and the controllers’ output in Fig. 2.13, respectively. It can be seen that even in this simplified
LTI ODE system, a change in the sampling time T can provide different simulation results. In addition,
the activation and deactivation of the limits are shifted according to the sampling time.
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Figure 2.12: System’s output z2 for the analog and digital controllers with different sampling times in the
closed-loop test system (second scenario)
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Figure 2.13: Controller’s output w for the analog and digital controllers with different sampling times in
the closed-loop test system (second scenario)

The same simulation for a variation of different numbers of quantization bits is repeated while keep-
ing the sampling rate of the controller fixed at 1 ms. The system’s response is illustrated in Fig. 2.14 and
the controllers’ output in Fig. 2.15, respectively. Furthermore, a zoomed version of parts of the same
figures is provided in Fig. 2.16 and Fig. 2.17, respectively. It can be seen that the number of quantization
bits also heavily impacts the accuracy. This emphasizes another reason that estimating a digital controller
with a continuous equivalent may produce different results than the real controller may behave in reality.
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Figure 2.14: System’s output z2 for the analog and digital controllers with different numbers of quanti-
zation bits in the closed-loop test system (second scenario)
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Figure 2.15: System’s output z2 for the analog and digital controllers with different numbers of quanti-
zation bits in the closed-loop test system (second scenario)
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Figure 2.16: System’s output z2 for the analog and digital controllers with different numbers of quanti-
zation bits between 12 and 13 s in the closed-loop test system (second scenario)
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Figure 2.17: System’s output z2 for the analog and digital controllers with different numbers of quanti-
zation bits between 9 and 12 s in the closed-loop test system (second scenario)

2.3.4 Three-bus test system model

In this case study, a 3-bus network as depicted in Fig. 2.18 is considered. It comprises a synchronous
generator (SG), a photovoltaic (PV) source, and a load, interconnected by two transmission lines. The
generator dynamics are governed by an automatic voltage regulator (AVR, IEEE DC2A) [2] and a gover-
nor (type HYGOV) [14], operating with respective sampling times TG and TE . Typical sampling times
for digital AVRs range from 5 to 50 ms, while governors generally operate with sampling times between
5 and 250 ms, depending on the specific controller and system characteristics. The equations describing
the synchronous generator, the controllers’ block diagrams, and their parameters are defined in Appendix
I.

SG PV
Re1 + jXe1 Re2 + jXe2

Load

BUS1 BUS2 BUS3

Figure 2.18: The schematic of the 3-bus network

The system is simulated for 16 seconds, and a step change in the PV’s active power production from
3 to 2 MW is applied between seconds 3 and 6. The system is first simulated using the analog controllers,
with both a fixed time-step (h = 1 ms) and a variable time-step (hmin = 1 ms and hmax = 500 ms).
Subsequently, the simulations are repeated using the digital controllers replacing their analog equivalents.

Voltage of Bus 2, the generator speed deviation, the governor, and the exciter output are shown in
Figs. 2.19-2.22. The simulations with the analog controller variants give an identical response, both
for the variable time-step and the constant time-step versions. The hybrid simulation deviates from the
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analog ones, with the ZOH shown more prominent in Fig. 2.22 since the effect of the digital controllers’
sampling rate is considered.
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Figure 2.19: Simulation results for the voltage of the load on Bus 2 of the 3-bus test system
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Figure 2.20: Simulation results for the speed deviation of the generator of the 3-bus test system
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Figure 2.21: Simulation results for the generator’s exciter output of the 3-bus test system
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Figure 2.22: Simulation results for the generator’s governor output of the 3-bus test system

The performance results of the simulations are listed in Table 2.1. It can be seen that the perfor-
mance of the analog controller simulation with the variable time step integration is better than the digital
controllers due to the larger time steps taken. This is one of the main reasons that analog controllers are
preferred in dynamic simulations. Nevertheless, it can be seen that using an analog controller instead of
digital ones brings the wrong result in case the real controller is digital. So, the decisions made over the
simulation errors may put the system at risk.
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Table 2.1: Performance of simulations for the analog and digital controllers with fixed and variable
time steps

Method Nb. Newton iterations Runtime (s)

Analog cont. - fixed time steps 31580 16.94
Analog cont. - variable time steps 436 0.34
Digital cont. - fixed time steps 31717 13.77

Digital cont. - variable time steps 3422 1.69

2.4 Summary and discussion

In this section, the most important observations are summarized, and associated verdicts are discussed.

2.4.1 Accuracy

Based on the results, it can be observed that in most cases the accuracy between simulating an analog or
a digital controller (having the digital controller as the benchmark) is impacted severely by the sampling
time. When the sampling time is smaller than the time step (T < h) the trajectories are identical between
the two, while with a sampling time larger than the time step (T > h) there is a notable discrepancy. This
is due to the fact that the controller modeled as continuous with a DAE is discretized by the integration
method and updated according to the time step, while the digital controller has a pre-defined sampling
time and is interfaced to the rest of the system with a DAC.

In addition, the number of quantization bits can heavily impact the controller; consequently, the
response of the system under control. Therefore, this calls for extra caution while estimating digital
controllers with continuous counterparts.

Furthermore, although using a variable step size method helps with the performance of systems
controlled by continuous controllers, it results in slightly lower accuracy (due to the allowance of higher
time steps). However, it doesn’t affect the digital controllers’ accuracy significantly, since the step size
is limited to the biggest difference between the sampling times of the digital controllers.

2.4.2 Performance

In the case of using a variable step size solver, the continuous models outperform the digital ones since
no step size reduction is imposed. When a digital model of the controller is used, the time step is always
limited to the biggest difference between the digital controller sampling times (time events).

On the other hand, when the continuous controller model is used, there is a need for detecting and
locating the state events introduced due to the controller limits. When the digital controller model is used,
this is not necessary due to the delays introduced by the ZOH. Thus, even if higher time-steps can be
implemented with the continuous models, a zero-crossing detection algorithm needs to be implemented.
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2.4.3 Modeling

Tomodel the controllers as continuous devices requires their equations to be accessible and differentiable.
This means that heuristic (and other non-equation-based) controllers can not be included and numerically
solved. However, in the case of digital controllers, due to the time-delays introduced by the ZOH and
since their equations don’t appear in the solver, they can be treated as a black box with an input and output
that is called before each time step.

Finally, it is shown that although chattering problems still exist for the digital controller models,
deadlocks cannot happen. Therefore, in the case of deadlock problems, the performance of the digital
controller is much better in the deadlock zone as the solver doesn’t stagnate.
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3 Review ofDiscrete EventsHandlingMethods and
Challenges

To perform dynamic simulations, the equations of the continuous components of the power system are
typically described using a large set of non-linear, hybrid DAEs, and the discrete-in-nature digital compo-
nents must be modeled with difference equations. To solve such a set of equations, integration methods
come in handy. However, they become slow if there are numerous discontinuities over the simulation
time horizon since the solver is forced to constantly reduce the time steps to land on discontinuity times.
A classic example of such a case is the simulation of systems with digital controllers, as was discussed
in the previous section. The process required for handling discontinuities during the simulation and the
associated challenges arising are discussed in the following.

3.1 Discrete events handling

Integration of the continuous DAEs ignoring a discontinuity causes the loss of accuracy and a huge value
of the local error estimate. The reason is that the approximation of the solution computed in the presence
of discontinuity is computed using an expired set of equations or solution flow, leading to a large value
of the error estimate. Consequently, the step size will be rejected and reduced drastically [23], and that
time interval integration will be repeated using the new smaller step size. This process may repeat several
times. Thus, there is a need for an appropriate routine to detect and locate the discontinuity effectively
and adjust the discretization step size to reach the discontinuity location without passing it too far and
prevent the algorithm from hunting around the discontinuity. Finally, the discontinuity that is detected
and located should be treated effectively. The basic steps of an algorithm for handling such discontinuities
are [23]:

1. Detection: The possible discontinuity should be detected effectively. The procedure used for the
detection should be computationally inexpensive since it is going to be continuously activated
throughout the simulation.

2. Location: After the discontinuity is detected, its location should be computed accurately with an
algorithm tailored to the numerical integration method that is being used.

3. Treatment: After the location of the discontinuity is identified, a methodology to bridge the so-
lution flow of the equations sets of the system before and after the discontinuity is required. The
selected treatment must ensure the accuracy of the solution over the discontinuity.

Improper handling of discontinuities can lead to successive step failures and loss of accuracy [23]. To
avoid this problem, based on the assumption that the state variables and their derivatives are continuous,
a solution called Discontinuity Locking [24] is widely used in different numerical simulations [1, 4, 25].
Basically, this method locks the equations of the system during a time interval of integration and prevents
them from updating in case of an event, i.e. the detection stage happens only at mesh points of the
integration process and after the discontinuity location is identified using a proper algorithm, the equation
set of the system will be updated. Finally, the treatment happens to bridge the solution of two equation
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sets of the system.

Overall, discrete events in DAEs can be categorized as state events and time events [19]. The events
happening at specific points in time, that are known in advance, are called time events while the events
triggered by rules applied to the state variable values of the system are called state events. In other
words, while the state events happen when a guard function is satisfied, for instance, a state variable
reaches a specific value, time events happen when an independent variable reaches a certain amount
[19]. Generally, a time event occurs at a specified value of time (independent variable) and state events
happen by reaching a certain state. The operation of digital controllers with specific sampling and action
times is a classical example of time events. On the other hand, the operation of transformer tap changers
due to a change in the system’s voltage is considered a state event. Time events are involved only in the
third step of the discontinuity handling process called the treatment stage since their occurrence can be
predicted in advance.

Let’s consider a hybrid power system modeled with DAEs in an explicit form as follows [26]1:

Γ(z)ẏ = f(y, z, t) (3.1)

g(y, ẏ, z(t−∗ ), t) = z(t+∗ ) (3.2)

where Γ is a diagonal matrix in which its elements determine if an equation is a differential either
an algebraic, i.e. Γll = 1 if equation (1) is a differential equation and Γll = 0 if it is algebraic one.
Furthermore, y is the state variable vector (both differential and algebraic), z is the vector of discrete
variables that model the events, f is the differential equations, and t is the independent variable of time.
A set of arbitrary discontinuity functions or as it is called in some references guard functions denoted
by g, determine the discrete states of the equation system [1]. The guard functions control the solution
flows, i.e. when a guard function is activated (changes it sign) at time t∗ the equation set of the system
should be updated and the trajectory of the solution jumps to a different flow. In other words, the DAE
(4.5) is a finite collection of continuous DAEs, one for each discrete variable change, z(t−∗ ) to z(t+∗ )

[26]. Besides, this system is subjected to a set of initial values which also determines the flow which the
solution starts on. Finally, let the step size of the integration process will be denoted by hn = tn − tn−1.
A hybrid system containing two sets of equations is illustrated in Figure 3.1.

f(y, z(t−∗ ), t) f(y, z(t+∗ ), t)
Guard Function

Figure 3.1: A generic hybrid system transition to a new state triggered by its guard function

Numerical integration methods for finding an approximation to the solution of a DAE are divided
into two main categories of single-step (or Runge-Kutta methods) and multi-step methods [22]. The
difference is that the multi-step methods use previous integration steps to approximate the solution. The

1In this report, matrices are denoted by bold capital letters and vectors are denoted by bold small letters.
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most popular multi-step method is the Adams family methods while Backward Differentiation Formula
(BDF) methods are suitable for stiff problems.

From another point of view, they can be divided into explicit and implicit methods. An implicit
method has the unknown vector yn (approximation of y at tn) on both sides of the method’s formulation.
Thus, in the case of using an implicit method, a nonlinear system of algebraic equations must be solved
for every time step [27]. It is noteworthy that implicit methods are more convenient for the integration
of stiff problems such as power system DAEs.

3.2 Discontinuity detection

As discussed in the previous section, the presence of a discontinuity makes the integration algorithm
reduce the step size due to the large value of the error estimate. This is the foundation of the discontinuity
detection presented in [23]. Basically, it is suggested that if a step size is executed and a large value of
error estimate is computed, consequently, the step size is rejected and the newly calculated step size is
drastically smaller, a discontinuity is detected. Thus, the detection method is to check if the local error
estimate is much greater than ϵ (which is determined by the user) or hnew ≪ hold.

Therefore, the time events could be located immediately, but locating the state events is cumbersome.
For a simple example, a heating system in an office could be taken into consideration. This system is
turned on manually every day at 8 a.m. (time events). After reaching an exact temperature, it is turned
off automatically, and by decreasing the temperature to a certain point,t it will be turned on automatically
(state events).

When a guard function changes its sign is referred to as zero-crossing [3]. In other words, according
to the intermediate value theory, for a continuous guard function and a given interval [ta, tb], at least one
root must exist in this interval if the signs of g(ta, ya, za) and g(tb, yb, zb) are different [5]. Thus, when
a zero-crossing happens in a guard function or when its trajectory crosses the zero, a discontinuity has
occurred, and specific measures, which will be discussed in the next section, need to be taken to locate it
accurately. Zero-crossing is used widely in many algorithms of discontinuity handling for the detection
stage. Since the sign check is not a heavy computational task (it only involves function evaluations), it
usually takes place for every step. However, [28] suggests doing the sign check only when the step is
rejected to reduce the computational cost.

3.3 Detection Complexity

As the system model becomes more complex and the number of discontinuities increases, some issues
may arise in the detection phase, and a simple change of sign evaluation may not be sufficient [3, 29].
The simple zero-crossing detection algorithm has its drawbacks, and different research works have tried
to address them. For instance, there might be more than one zero-crossing within the integration time
interval studied, leading to the need to locate the earliest one for treatment. These multiple roots could be
either an odd or even number. When there are multiple roots, the simple check of the signs is not adequate,
and more elaborate methods must be used. The issues that may arise and their addressing solutions in
recent works in the literature are summarized in the following.
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3.3.1 Even roots

It can be seen that a simple zero-crossing evaluation using a sign change between two points of a time
interval cannot detect an even number of roots since in this case there is no sign change. An example of
a guard function crossing zero twice is illustrated in Figure 3.2.

g

ttn+1tn

Figure 3.2: Missed even roots happening in between two time steps taken tn and tn+1 [3]

Thus, zero-crossing needs to be completed or replaced by other methods that can detect the com-
plexity of even roots. To achieve this, [1] proposes to detect the discontinuity using the sign change both
in the guard function and its derivative. The sign change in the derivative of the guard function shows
passing through zero in both directions in the time interval, thus an even number of roots. In other words,
the situation of even roots can be distinguished using this technique. Two following auxiliary variables
show the sign change in guard function and its derivative, respectively:

s1 = gt · gt+h (3.3)

s2 = ġt · ġt+h (3.4)

where gt and ġt denote the evaluation of the guard function and its derivative at time t, respectively. The
proposed algorithm is summarized in Table 3.1.

Table 3.1: States of the method used in [1] for detecting the discontinuity and actions taken

condition s1 s2 number of events Action

(a) + + 0 The integration process continues

(b) + − 2 The step size is reduced, and the integration is repeated
for the new step size until it gets to a condition except (b)

(c) − − 1 The integration process proceeds to the Location stage

Another method proposed in literature capable of detecting even roots is based on the Sturm sequence
algorithm [30] and is presented in [31]. The Sturm sequence is an algorithm that can be used to find
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the number of real and complex roots of a function. The proposed method contains two modules for
detecting and locating the discontinuities, respectively. The first module takes a time interval and the
guard functions as the inputs and returns the number of roots in that specific time interval. Then, the
second module computes the location of the first root. Using this method, it can be assured that all of the
discontinuities are detected efficiently. This detection algorithm is also used in [6].

Another solution proposed in [4] would be including the dynamics of the guard functions in the
system modeling. In this method, by including the guard function in the system of equations, the step
size would be adjusted by the integration method automatically when too large errors stemming from
even roots are produced [3, 5]. The authors of [5] propose a detection method based on including the
dynamics of the guard functions and their derivatives in the detection phase as well. According to this
method after a sign check, three different situations may occur:

1. All of the discontinuity functions change the sign. In this case, the earliest root is found using the
Illinois algorithm [32,33].

2. None of the discontinuity functions change sign. In this case, the signs of the derivatives of dis-
continuity functions are checked to see if extra evaluation of the guard function in the middle of
the time step is needed.

3. Some of the discontinuity functions change the sign and some of them don’t. In this case, the
earliest root t∗ is found using using Illinois algorithm [32,33]. Then, a reduced time step up to the
t∗ is searched for any other possible roots for the discontinuity functions without sign change but
have sign change in their derivatives.

Finally, Zero-crossing refinement is another method to deal with even roots, proposed in [3, 5]. In
this method, the time interval is divided into several smaller ones and the sign check happens at the end
of smaller time intervals. Although this method is computationally more efficient compared to other
methods reviewed so far, it just reduces the chance of even roots happening and doesn’t guarantee the
detection of even roots.

3.3.2 Masked Even Roots

This situation happens in systems with more than one guard function and one of the guard functions
prevents the others’ discontinuities from being detected. Let’s assume a system containing two guard
functions that for a specific time step, one of them crosses the zero once and the the other one twice. In
this case, the guard function with the even number of roots will be masked by the guard function with
the odd number of roots and will not be considered at all. The possible solution would be again using
zero-crossing refinement [3] to reduce the chance of it happening.

3.3.3 Double Detection

Double detection happens when the value of the guard function becomes exactly zero at the point of
discontinuity [3]. In this case, two events might be detected, once crossing to zero and once crossing
away zero, while only one zero-crossing happens. The solution proposed by [3] is to consider only one
of them by distinguishing them using OR operators as is shown in the following equation for a case of
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zero-crossing from negative values to positive.

δ = δ−to+ = δ−to+|δ−to0|δ0to+ (3.5)

where δ denotes an event and its subscript shows the crossing direction, and | is the OR operator. For
instance, δ−to+ means a discontinuity detected when the guard function’s value changes from a negative
value to a positive value.

3.4 Discontinuity location

When the existence of a discontinuity is detected using one of the methods described above, the exact
location of the discontinuity needs to be computed accurately. In this section, different methods used to
locate discontinuities and tackle the complexities that may arise are discussed.

3.4.1 Interpolation-based Methods

A method for discontinuity location based on interpolation is proposed in [19, 34]. The authors suggest
using y and ẏ at the mesh points tn and tn+1 to construct the Hermit interpolation polynomial approx-
imating the solution at other points of the time interval. This inverse linear interpolation is then used
to approximate the event time (where the guard functions intersect the solution). Direct interpolation
has been used to approximate the solution at the time of event calculated in the previous stage. A cycle
of these two stages, i.e. using inverse interpolation to approximate the event’s location and using direct
interpolation to approximate the solution at the event’s location, can be repeated until the time of disconti-
nuity is determined with a user-specified threshold. It should be noted that this location method is used in
combination with a Runge-Kutta integration method which doesn’t provide an interpolation intrinsically.

Another interpolation-based method for discontinuity location is presented in [35]. In case of an
event, a reduced step size obtained from a linear interpolation calculated using values of guard function
at the mesh points will be used for the integration. This procedure is repeated until the time of the event
is determined with a prescribed accuracy. Furthermore, the authors of [25] suggest using a search method
to locate the discontinuity. However, the search procedure requires the values of the unknowns to be able
to evaluate the guard functions at points other than mesh points. Thus, using interpolation formulas to
access information for all time interval points other than mesh points is proposed.

In the papers mentioned above, the interpolation formula is used to approximate the variables at
points other than mesh points. However, the algorithm in [4] constructs interpolation polynomials for
guard functions and uses them for both detection and location of the discontinuity. As discussed in the
previous section, they benefit from a combination of the exclusion test and Newton/bisection method
to detect the event. However, for the location stage, the system of equations below at the time of the
discontinuity t∗ must be solved.

Γẏ = f(y, z, t∗) (3.6)

g∗(y, ẏ, z, t∗) = ±ϵg (3.7)

where the parameter ϵg is a positive bounded value called discontinuity tolerance. This system of equa-
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tions is solved using the Newton iteration method and since a good initial guess is already available for
the unknowns from the detection stage, it usually needs only a few iterations to converge.

3.4.2 Search Methods

There are different search methods to find the roots of a function in a given time interval [32]. These
methods have been widely discussed and used to locate the event in different research works. Some of
the search methods are summarized in the following:

1. Newton-based method: Newton-Raphson method (also known as Newton’s method) uses the tan-
gent line of g at the selected point (usually a guess) to calculate the zero-crossing. The equation
below shows the formula of this method, where x denotes a point on the time interval and its
subscript n shows the point number.

xn+1 = xn − g(xn)

ġ(xn)
(3.8)

This is one of the most used methods for root finding in discontinuous systems. It is used for
locating the zero-crossing in [4, 6] in combination with the bisection method. Its application can
be seen in other research works such as [36] as well.

2. Secant-based method: The secant method is similar to Newton’s method. However, it uses the
secant line instead of the tangent line to find the zero-crossing. The equation below is the formula
for this method.

xi+1 = xi −
g(xi)

g(xi)−g(xi−1)

xi−xi−1

(3.9)

This method’s application in zero-crossing location is shown in [36]. Also, a combination of the
secant and bisection methods are applied in [31]. The package IDA of SUNDIALS which is one
of the most-used packages for solving DAEs, also uses this method for locating the root [37, 38].

3. Bisection-based method: This method uses only the signs of the guard function values at the start
and endpoint of the function. If their multiplication is negative it halves the time interval and checks
the sign of the function value at the midpoint of the time interval. Then, it selects one of the two
halves of the main interval to repeat the same procedure based on the dissimilarity of the signs
of the new interval [32]. This process continues until the bracketed interval containing the root is
smaller than a specified threshold by the user. This method is used for a zero-crossing location in
many research works such as [4, 23, 25, 31].

4. Regula-Falsi: Regula-Falsi or false position is another method that can be used to find the root of
a function in an interval [39]. It uses the equation below to calculate the new point.

xi+1 =
(xi−1 · g(xi))− (xi · g(xi−1))

g(xi)− g(xi−1)
(3.10)

5. Illinois method: This algorithm is similar to the bisection method and has been used in [5, 27] for
zero-crossing location. However, instead of halving the time interval, it performs the bisection
method on the function values and halves the interval between values of the function to find the
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new point.

6. Inverse Quadratic Interpolation: Inverse Quadratic Interpolation (IQI) needs three points on g to
calculate the new point (fourth point). This method fits a sideways parabola to the guard function
in the selected interval where a root is detected and where the parabola crosses zero is the new
point [32]. This process continues until the difference between the old point and the new point is
less than a user-specified threshold.

7. Combination of methods: Some algorithms use a combination of the above methods. For instance,
MATLAB’s fzero function can be used to find the roots using a combination of the secant method,
bisection method, and inverse quadratic interpolation [32]. This function enjoys the reliability of
the bisection method and the fast speed of secant or IQI methods.

3.5 Location Complexity

Although the search methods detailed above are effective in most cases, there are special cases in which
these methods may face a challenge to locate the event effectively. In the following, these special cases
and solutions addressed in the literature are discussed.

3.5.1 Discontinuity Sticking

Generally, when a discontinuity is detected and located properly, the equation set of the system is updated
and the integration process resumes. In this situation, the new initial values required for the integration
process are calculated, and the process restarts. However, in some special cases, these new initial values
used to restart the integration process may lead the guard function trajectory to start from a situation where
the same discontinuity handled earlier is triggered again. This is depicted in Figure 3.3 and is referred to
as ”discontinuity sticking”. It could cause simulation inefficiency and failure [4].

g
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tn+1

Figure 3.3: Discontinuity sticking problem [4], forcing the same discontinuity to be detected again

In the above figure, circles show the time steps, t∗ is the event’s time calculated by the zero-crossing
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of the guard function.

One way to address this problem is presented in [4]. Instead of the guard function itself, a polynomial
interpolation of the guard function is used for both detection and location of the discontinuity which is
discussed before using equations (3.6) and (3.7). The parameter ϵg, which is called the discontinuity
tolerance, can be calculated using the guard function’s slope and the state event tolerance δ, which is
bounded between ϵmin

g and ϵmax
g . The maximum value controls the accuracy of the calculations while

the minimum value prevents from discontinuity sticking and ensures that after restarting the integration
process, the same discontinuity won’t happen again.

Another solution to the discontinuity sticking problem is presented in [5]. The authors propose that
when a discontinuity is successfully handled, the updated equation set of the system is locked for the time
interval t∗ + hmin and the event detection algorithm is deactivated up to the end of that time step. This
solution is illustrated in Figure 3.4.
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tn+1

t∗ + hmin

Figure 3.4: Solution to the Discontinuity sticking problem presented in [5], locking the discontinuity
detection mechanism until t∗ + hmin

3.5.2 Cycling

Sometimes, the simulation may get stuck jumping between two or more discontinuity states in an endless
closed loop. In this case, a modeling modification, such as adding another state between the cycling
states or modifying the guard functions, is proposed in [40]. Alternatively, another solution is ignoring
the discontinuities in the current step after reaching a certain number of iterations or reducing step size
(if possible) [40] to break the cycling.

3.5.3 Chattering

This complexity happens when both vector fields of the solutions on both sides of the discontinuity are
toward the discontinuity. In this case, the next step causes a discontinuity detection and mode switch.
Since, also in this side of the discontinuity surface, the solution flow is toward the discontinuity, the
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mode will switch again and this fast cycling behavior referred to as chattering will continue infinitely.
According to [41, 42], basically 3 situations may happen at the surface of the discontinuity:

1. The vector field of the solution is toward the discontinuity surface from one side of it and leaves it
from the other side

2. The vector field of the solution is pointing away from the discontinuity surface

3. The vector field of the solution is toward the discontinuity surface on both sides of the discontinuity
surface

In the third situation, the simulation starts switching modes while slowly crawling toward the dis-
continuity surface. The difference between chattering and cycling is that chattering happens between two
flows repeatedly while cycling may happen with more than two flows. A proposed method to address
this problem [42] called sliding mode simulation uses the bisection method as an appropriate method
for finding the discontinuity surface. After a chattering situation is detected by switching between two
modes, a binary search predetermines the number of steps required for the simulation to exit chattering.
Then, the velocity of the sliding motion toward the discontinuity surface is calculated (based on the Fil-
ippov theory) and implemented on the solution trajectory. In other words, when a chattering situation
happens, the fast switching will be removed while the slow crawling on the discontinuity surface is taken
into account.

3.5.4 Zeno Behaviour

The discrete events happening while getting closer and closer in time after every time step, toward a limit
point is called Zeno behavior [3]. In other words, the distance between events decreases until a limit
point. The difference between this complexity mode with chattering is that the speed of fast switching
between two modes increases over time in the case of the Zeno, however, the effect of both pathological
behaviors is the same, halting the simulation [3]. A famous example of this situation is the bouncing
ball problem [43–45], and different solutions are proposed to deal with this problem. As the ball hits the
ground and loses some energy every time, the time distance between events decreases until a threshold
beyond that is called the Zeno neighborhood.

Reference [45] considers systems with Zeno points incomplete and defines actions to be taken in
order to make the system complete i.e. the system will be able to be integrated beyond the Zeno point.
Also, regularizing the system with the Zeno point is proposed in [44]. Furthermore, a simple solution
called ”dynamic zero crossing location” is discussed in [3], which defines criteria to detect the Zeno be-
havior to temporarily deactivate the zero-crossing location in order to let the simulation continue beyond
the Zeno point.

3.5.4.1 Unilateral events

Let’s consider the situation that the right-hand side of the differential function is not defined beyond the
guard function. In such a case, search methods are not useful anymore to locate the discontinuity. Such
events, which are called unilateral events [46], need a different location method that doesn’t allow the
numerical simulation to pass the discontinuity.

32



A solution to this kind of problem is addressed in [29] which resembles the simulated system to a
control system. Based on this analogy, the integration step size is taken as input, the guard function as
the output, and the equation of the numerical method as the system dynamics. The proposed algorithm
selects the feedback law as a step size control to approach the discontinuity surface asymptotically without
passing it. As the simulation continues the chance of the event being detected increases and since the
simulation is not going to pass the event so there are no worries in that area. Furthermore, a similar
solution is presented in [46]. In this method, an extrapolation polynomial is used for the detection and
location of the roots. The proposed algorithm can be summarized as follows:

1. An extrapolation polynomial is constructed with the same order of accuracy as the integration
method used. This polynomial extrapolates the guard function over hn+1 ∈ [0,∞].

2. if the polynomial has any roots detected the smallest root is determined and denoted by h∗, other-
wise h∗ = ∞.

3. The step size calculated by the traditional integration algorithm based on the error estimate denoted
by herr is calculated.

4. the integration continues for the step size equal to the minimum of the step sizes calculated in the
previous stages hn+1 = min(h∗, herr).

3.5.5 Other methods

In this section, other location methods that are not mentioned so far, are briefly introduced and discussed.

Reference [28] proposes to take the step-size (hn) as a variable in the Runge-Kutta formulation ap-
pended by the guard function when an event is detected and calculate it in a way that tn+hn exactly lands
on the discontinuity. The authors propose simplified Newton iterations to solve this system effectively.
A similar approach, called α-method, is elaborated in [47] for a fourth-order Runge-Kutta method. They
define α as a variable which is the portion of the time interval where the discontinuity is located. When
the discontinuity is detected (by a simple sign check) the parameter h is replaced by αh. Then, two meth-
ods are proposed to calculate α. The first method is to calculate α by recalculating the coefficients of
the Runge-Kutta method while the second method suggests calculating alpha using a Newton iteration
method. Finally, it is concluded that the second method is more accurate.

Sturm sequence is used for the detection in [6, 31] as it is mentioned before. Using this algorithm,
the number of roots in the specified interval is specified. For the location part, [31] exploits a standard
bisection or secant algorithm to find the first root of a list of roots detected by the Sturm sequence while
this is done in [6] by reusing bisecting and Sturm sequence to find the first root’s location.

A method that uses the order of the discontinuity to obtain a more efficient process of discontinuity
location is presented in [23]. According to that research work, the discontinuity has the order of q if f has
continuous partial derivatives through order q−2 and there is a finite number of discontinuities in at least
one of the partial derivatives of f of order q − 1. In other words, the order of the derivative of the state
variable that has a discontinuity is taken into account in the discontinuity location process. In case the
order of the discontinuity equals one (worst case scenario) the discontinuity location would be a simple
bisection method [32]. However, for higher discontinuity orders (especially order 2 discontinuity) a faster
location method is proposed. For discontinuities of order bigger than 2 however, the calculations of the
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intersection especially for a parabola or higher-order curves would be quite cumbersome and therefore
the proposed method is working efficiently up to second-order discontinuity.

3.6 Treatment

When a discontinuity is successfully detected and located, the time step will be reduced, and the equation
set of the system will be updated (if needed) to resume the simulation from a new point. In this case, there
is a need for new initial values for proceeding with the simulation, but the values available are related to
the previous equation set of the system. Therefore, a special treatment is required to calculate the new
initial values for the updated equation set and bridge the solution trajectory. However, complexities may
be considered during this stage that are reviewed in the next section.

It should be noted that the important premise for the following discussion is that the time step is
reduced after the detection and location stages to land on the event. In other words, the treatment process
can be divided into two stages of time step adjustment and the treatment approach itself. The alternative
methods to the time step reduction method will be discussed in the next chapter.

3.6.1 Treatment complexity

After reducing the time step and landing on the event, a normal treatment is to use an explicit method,
such as forward Euler for the first step size (or at least for the predictor part of the method if a predictor-
corrector method is being used), since this method doesn’t require any value from previous steps. Then,
for the rest of the step sizes (or the corrector), a Backward Euler or Trapezoidal method could be useful.
From this point on, the order of the method can be gradually increased in the case of using a variable-order
method. For instance, a treatment with a similar logic is incorporated in the IDA package, which is a DAE
solver [37]. It has a specific function for calculating initial values, which uses Newton iteration combined
with a line-search algorithm, and another function that uses the calculated initial values for restarting the
simulation. For the first few steps, the algorithm tries to double the step sizes and increase the order until
it reaches the maximum order or the local error test fails. Although this procedure is usually the default
treatment used to restart the simulation in the presence of a discontinuity [23], often some improvements
are suggested, which are discussed in the following.

Reference [23] states that for discontinuities of order q ≥ 3 the simulation should be restarted with
a method of order no more than q − 1 to keep the local error limited to the method’s order. However,
realizing the order of the discontinuity at least for q ≥ 3 is quite cumbersome, i.e. it needs a complicated
algorithm, many rejected time steps, and many extra calculations.

A different improvement is proposed in [6]. In that research work, a pair of fifth and fourth-order
Runge-Kutta methods is used for integration and error control. Also, the fourth-order continuous exten-
sion is used for the interpolation polynomials. However, standard interpolation polynomials derived from
numerical integration often have discontinuities at mesh points. In other words, Inaccuracy between the
predicted value of a guard function using the integrator polynomials gn+1 and the exact value g(tn+1)

defined with eg produces discontinuity. Therefore, a blending polynomial is proposed to be added to the
interpolation polynomial in order to fill the gap between the two values of the guard function and make it
continuous. This polynomial could also prevent failure in root detection, if there is an event in that gap,
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Figure 3.5: Hidden root located at the transition [6]

as it is illustrated in Figure 3.5. The suggested blending polynomial is as follows:

Pσ = (2σ3 − 3σ2)eg (3.11)

where σ is the interpolation polynomial parameter. This augmented polynomial has the following fea-
tures:

Pσ(0) = 0, Ṗσ(0) = 0, Pσ(1) = −eg, Ṗσ(1) = 0 (3.12)

A different method using Filippov theory [48] is discussed in [49]. A discontinuity divides the plane
of the solution trajectories of an ordinary differential equation (ODE) into two regions:

R− : ẏ = f−(y) g(y) < 0, R+ : ẏ = f+(y) g(y) < 0 (3.13)

Based on the Filippov theory, the following equation can be used to categorize the situations that
may happen when a solution trajectory intersects with the discontinuity surface.

w±(y) = ∇g(y)f±(y) (3.14)

According to the above equation the point y on the discontinuity surface is a crossing point or sliding
point if w−(y) · w+(y) > 0 or w−(y) · w+(y) < 0, respectively. A crossing intersection point means
the solution trajectory crosses the discontinuity surface, while a sliding point makes the trajectory slide
along the discontinuity surface. In case of reaching a sliding point, the vector field defines:

ẏ = (1− α)f−(y) + αf+(y) (3.15)

where:
α =

w−(y)

w−(y)− w+(y)
(3.16)
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Furthermore, the Filippov theory specifies that the solution crosses the discontinuity with f− or f+

when α = 0 or α = 1, respectively. Although this theory is defined for and ODE [48], the authors extend
its applicability to index-1 DAEs by rewriting a DAE as a constrained ODE using three different methods
as follows:

1. Direct Substitution Approach: This method makes an ODE out of the DAE by substituting the
algebraic constraint directly to the differential equation itself.

2. Singular Perturbation Approach: This method replaces the algebraic constraint z = k(y) with
ϵż = k(y)− z which results the same solution when ϵ→ 0.

3. Weak Formulation Approach: This method differentiates the algebraic constraint reaching a
differential equation of the algebraic constraint.

An interpolation-based solution to avoid the time step reduction is discussed in [50, 51] where the
feedbacks of the systems are interpolated at the switching points in themiddle of the time step to determine
their on or off state. The suggested approach is useful for dealingwith bi-value power electronic switching
devices in EMT simulations. Nevertheless, it cannot handle the events of the digital controller as it
requires calculating a value for the controller outputs and not just setting or resetting a binary variable.

3.7 Summary

Handling discontinuities during power system dynamic simulations is challenging and computationally
expensive. They must be detected in each time step, located accurately, and treated to bridge the solution
flow before and after their occurrence.

In this chapter, a variety of different detection, location, and treatment approaches discussed in the
literature were reviewed. Furthermore, complex situations arising during the discontinuity handling in
each stage and possible solutions suggested in the literature were discussed. In addition, basic concepts
of the topics were explored and explained.

Nonetheless, digital controllers’ time events are exempt from detection and location stages since
their time is known in advance. However, the fast and accurate treatment of thousands of time events
arising from their operation has remained an open challenge.
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4 Digital Controller Treatment

According to the discussion in the previous sections, the operation of digital controllers introduces many
discontinuities to the simulation. Although they are time events and there is no need for the detection
and location stages, the constant need for time step reductions to treat them may lead to painfully slow
simulations. Therefore, there is a need for a method that is able to simulate power systems with digital
controllers quickly and accurately. Current methods are either accurate but computationally heavy, such
as the step reduction method (SRM), or light-performing but with the cost of accuracy loss, such as the
simplified simulation method (SSM) where the discontinuity is shifted to the time step instant, and analog
treatment method (ATM) which removes the discrete nature of the digital controller [7].

In this section, the classical methods of simulating digital controllers are categorized and reviewed
first. Then, we propose a novel method for handling time events in a system containing many digital
controllers that fills the gap. The method is based on an interpolation treatment of the discrete events,
within each time step, without stopping the simulation or reducing the time step. Thus, variable time-
step methods are not hindered, and the computational burden is significantly reduced. Thus, the proposed
method concerns the first stage of treatment, while the second stage of bridging the solution before and
after the discontinuity depends on the choice of integration approach.

4.1 Classical methods

The number of modern digital components in power systems has grown significantly over recent decades.
Among these, controllers have evolved rapidly, either through the adoption of advanced digital technolo-
gies or by replacing legacy analog systems with digital counterparts. The discrete operation of digital
controllers introduces discontinuities into the DAEs that describe power system dynamics. These dis-
continuities are typically classified as either state or time events [19].

State events are discontinuities that occur due to conditions of the system at unknown times, for
example, when a controller hits a limit and certain equations must be altered. In contrast, time events
occur at predetermined instances during the simulation, such as when a digital controller samples and
updates its output. Simulating systems with state events requires detecting and accurately locating the
discontinuity, whereas time events do not, as their occurrence times are known in advance. In this section,
methods able to treat the discontinuities arising from the operation of digital controllers are reviewed, and
their performance and accuracy are compared to the proposed interpolation-based method (IBM) at the
end.

To review the methods, let’s consider a simple continuous system under control by a digital controller
as schemed in Fig. 4.1.

The continuous system representing a power system can typically be modeled using a DAE set sub-
ject to initial values known as the initial value problem (IVP):

0 = F (ẏ(t),y(t), e(t))

y(0) = y0, e(0) = e0
(4.1)
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Figure 4.1: A continuous system under control by a digital controller scheme

y(t) denotes the vector of differential-algebraic state variables of the system, e(t) is the continuous output
of the controller fed to the system, and y0 and e0 are the initial values of the state variables and controller
output, respectively.

The digital controller modeled with difference equations is described as follows (see 2.1.3):

ek = ζ(ek−1,y(kT )) (4.2)

where ζ is the controller function relating the controller output ek to its previous one ek−1 and quantized
state variables under monitor by the controller y(kT ) at the k-th sampling time with period T .

To obtain this IVP problem, (4.1) must be discretized using a numerical integration method, and the
resulted algebraic equations will be solved in a time instants tn over time steps hn = tn − tn−1, using
a Newton method [52]. Therefore, the solution of the state events of the continuous system y(tn) = yn

will be obtained by solving the residual function iteratively:

g(y(tn), e(tn)) = 0 (4.3)

In the following sections, the methods capable of solving the IVP problem defined in equations (4.1)
and (4.2) are discussed.

4.1.1 Analog treatment method (ATM)

To avoid slow simulations for systems with multiple digital controllers, an analog approximation of (4.2)
can be used to represent the analog equivalent of the digital controller using a DAE (see 2.1.2):

0 = ζ′(e(t),y(t)) (4.4)

where ζ′ represents the continuous approximation of ζ

Then, the controller DAE can be pooled with the continuous system DAE (4.1) and solved all to-
gether.

The analog treatment method schemed in Fig. 4.2 completely ignores the discrete nature of the digital
controller. Therefore, there is no need for any special treatment like step reductions since no discontinuity
is imposed on the simulation. This method is widely used, especially for large-scale dynamic simulation
of power systems where multiple digital controllers may need to be simulated, since it makes the sim-
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ulation fast and smooth, removing the need for handling difference equations and the events arising.
However, due to ignoring the sampling rate of the digital controllers, inaccuracies may appear. Most
importantly, ATM cannot simulate non-equation-based digital controllers since they cannot be approxi-
mated with DAEs. This limits the application of ATM only to classic equation-based controllers.

hn

tn−1 tn
Figure 4.2: Schematic of time integration using analog treatment method with no explicit event handling

4.1.2 Step reduction method (SRM)

The SRM handles each time event of the digital controller sampling by reducing the time step hn to
align precisely with the discontinuity [19] as shown in Fig. 4.3. It then computes the controller output
and proceeds to integrate the system equations using that as a constant input to the system DAE. In this
approach, equation (4.2) is solved before equation (4.1), with e(t) is assumed to be constant over the
entire integration step due to ZOH.

SRM is the most accurate method (closest to the real digital controller behaviour) since it considers
all the time events individually and reduces time steps to treat each one of them. However, the time
steps become significantly limited (depending on the sampling rate of digital controllers), leading to a
computationally heavy simulation (see Fig. 2.3).

hn

tn−1 tn

Step size reduction

hnew
n

tnewn

tn,1 tn,pn

Figure 4.3: Schematic of time integration using step reduction method. The black vertical lines denote
the simulation time steps, while the light-blue vertical lines denote the digital controller sampling period.

Upon finding events in the time step hn, it denies the original time step by taking a new time step
with the reduced size equal to hnewn = tn,1 − tn−1 to land on the first event found in the time step, as
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shown in Fig. 4.3. tn,1 denotes the first event found in the time step tn, and pn is the index of the last
event in the same time step.

4.1.3 Simplified simulation method (SSM)

Contrary to SRM, which shifts back the time step to land on the event, the simplified simulation method
proposed in [40] shifts the event, forcing it to happen when the time step is taken, as is illustrated in
Fig. 4.4. This approach solves the system equations (4.1) first to acquire yn and then (3.3) to compute
ek, before recomputing the time step.

This method, developed for state events, is not suitable when there are numerous interconnected time
events of digital controllers in one time step, since it cannot shift all of them to the end of the time step.
The reason is that each controller output is a function of its previous output and the feedback that comes
from the system at each sampling time. Therefore, depending on the number of events arising from each
digital controller operation in one time step, different levels of inaccuracy may occur.

Nevertheless, the computational performance of SSM is better than SRM since it doesn’t reduce the
time step and conducts the simulation with relatively large time steps. It also has better performance
compared to ATM due to solving a smaller DAE. The reason is that the ATM has the largest DAE set
among all the methods due to the controller equations added to it.

hn

tn−1 tn

sampling time increment

tn,1 tn,pn

tnewn,1

Figure 4.4: Schematic of time integration using the simplified simulationmethod, with event times shifted
to math the solver time steps

4.2 Interpolation-based method

This section presents a novel approach for handling multiple time events in systems with multiple smart
digital controllers. The method employs an interpolative treatment of time events within each time step,
avoiding the need to halt the simulation or reduce the time step. As a result, variable time-step methods
remain fully effective, and computational overhead is significantly reduced. The proposed approach
supports phasor-domain dynamic simulations of both equation-based and black-box digital controllers.
This allows accurate and efficient modeling of digital sampling actions without simplification, relaxation,
or substitution with analog equivalents.

The proposed method leverages interpolation to estimate the system’s state variables, which serve as
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inputs to the digital controllers. A similar strategy is employed in modern EMT simulators to determine
the switching state of power electronic devices [50, 51]. In our approach, digital controller outputs are
computed and refined during each Newton iteration of the nonlinear solver by incorporating them into
the system’s state variable vector. Consequently, these outputs influence both the solver’s convergence
criteria and the time-step selection through the error estimation scheme.

The interpolation-based method (IBM) is designed for use with variable time-step integration, where
step size is governed by error estimation, similar to systems controlled by analog controllers. In other
words, the time steps are not constrained or reduced by the digital controllers’ time events. This en-
ables the simulation of systems with non-equation-based smart digital controllers while fully retaining
the benefits of a variable time-step scheme.

4.2.1 Digital controller interface

To elaborate on IBM, let’s again consider the continuous system under control by a digital controller as
was shown in Fig. 4.1. For simplicity, let’s assume the continuous system is defined in the form of an
IVP of ordinary differential equations (ODEs):

ẏ(t) = f(y(t), e(t))

y(0) = y0, e(0) = e0
(4.5)

where the digital controller is modeled with difference equations (4.2).

To interface the digital controller with the continuous system, the discrete controller output signal
ek must be converted to a piecewise analog signal denoted by e(t) using a DAC block placed after
the controller. Due to the ZOH approach, this block keeps the signal constant between the samples,
formulated as:

e(t) = ek, t ∈ [kT, (k + 1)T [ (4.6)

Similarly, the system output y(t) is converted to a discrete signal using an ADC block to feed to the
controller input y(kT ).

Typically, the discrete controller input and output signals y(kT ) and ek are quantized. A uniform
quantization method with q bits can be used to quantize the digital signals. Defining the measures of the
intervals in which the output and input signals e and y take values by Ue and Uy, respectively, a q-bit
uniform quantization approach is formulated as[53]:

eq,k = round
(
ek2

q

Ue

)
· Ue

2q

yq(kT ) = round
(
y(kT )2q

Uy

)
· Uy

2q

(4.7)

4.2.2 Integration scheme

Now that the digital controller is interfaced with the continuous system, a proper integration method can
be used to solve the index-1 DAE set of the combined system. In this work, a variable time step predictor-
corrector scheme is designed [22]. So, yn which is the solution of state variables y(tn) at time tn (n ∈ N)
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will be obtained by taking variable in size time steps hn = tn − tn−1 over the simulation time horizon.

The predictor is used for achieving an initial estimate of the solution, denoted by y
(0)
n , using an

explicit integration method. Then, the corrector calculates the solution yn using an implicit integration
formula combined with Newton iterations. In other words, the solution is gradually refined by solving
an implicit set of discretized equations of the system’s DAE using the Newton method 2.3.

For this work, we have chosen a pair of second-order Adams-Bashforth and Adams-Moulton meth-
ods [22] for the explicit predictor and implicit corrector, respectively. It should be noted that for the
sake of comparability, this combination of integration methods is used for all the simulations using SRM,
ATM, SSM, and IBM.

4.2.3 Convergence test

During the corrector phase, a convergence test is applied to the normalized state variables vector after each
Newton iteration, based on a user-defined threshold. Iterations continue until this convergence criterion
is met, with a maximum number of iterations typically imposed to prevent non-converging scenarios. If
it fails to converge, the step may be repeated using a smaller time step size, given that the minimum size
of the time step is not reached.

4.2.4 Time-step selection

For each time step, an error test is conducted using Milne’s estimate [22] to adjust the size of the subse-
quent time step [22]. According to this approach, in predictor-corrector methods, the local error can be
estimated by multiplying the difference between the predictor and corrector by a coefficient determined
by the specific method pair. Then its norm is compared to a user-specified tolerance to decide whether to
accept or repeat the time step. For the second-order Adams methods [22] used in this work, the estimate
is given by:

dn =

∥∥∥∥∥yn − y0
n

3(hn−1

hn
)

∥∥∥∥∥
∞

≤ Tolerance (4.8)

Based on the results of (4.8) three situations may arise:

1. If the estimated error is less than the Tolerance set by the user, the next time step sizes will be
increased until they reach the Tolerance.

2. If the estimated error is greater than the Tolerance, the current time step will be rejected and the
integration will restart for this time step with a smaller size.

3. If the estimated error is greater than the Tolerance and the time step is already at theminimum value,
the current time step is accepted, but a warning will be issued to the user to adjust the settings if
necessary.

4.2.5 Incorporating digital controllers

When Smart Digital Controllers are incorporated into the dynamic simulation, several discrete events
are introduced into the process described above. Figure 4.5 illustrates the ’normal’ time steps (hn) and
their corresponding solutions (yn−1 and yn), based on the variable time-step method. It also shows

42



the sampling times of the smart digital controllers, along with their intermediate solutions and outputs
(yn,i and en,i). The black horizontal piecewise lines represent the ZOH controller signal e(t), while
the approximate solutions are marked with blue crosses for the main time steps and red crosses for the
intermediate ones.

tn−1 tn tn+1

tn,1 tn,2 tn,3 tn,pntn−1,pn−1 tn+1,1

en,1
en,2

en,pn

hn hn+1

en−1,pn−1 = en,0

yn−1

yn,1
yn,2

yn,3

yn,pn
yn

Figure 4.5: Example of the integration time steps and the intermediate control actions in a variable time-
step simulation with smart digital controllers.

Let pn denote the number of digital controller actions occurring within the time step hn = tn− tn−1.
We represent the value of e at time tn,g as en,g, where g ∈ [1, pn] and tn−1 < tn,g < tn. It is important to
note that the sampling times kT do not necessarily align with the integration time steps tn, as illustrated
in Fig. 4.5.

As stated before, accurately and efficiently solving this combined system presents significant chal-
lenges. A traditional approach involves reducing the time step hn to align with the controller actions,
which greatly restricts the use of variable time-step methods. To overcome the resulting computational
and accuracy issues, a new method is proposed in the following section.

4.2.6 State events

As previously mentioned, a state event occurs due to internal system conditions, for example, a trans-
former tap change triggered by a voltage violation or a variable reaching its limit. In systems controlled
by continuous analog controllers, such events must be detected during integration and precisely located
within a time step. To ensure accuracy, the time step must be adjusted to land exactly on the event.
This approach allows the continuous controller to respond without delay, maintaining high fidelity in the
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simulation.

However, in systems with digital controllers, the discrete nature of control means that a state event
occurring within the system will not be addressed until the controller’s next sampling instant. In other
words, the state event’s impact is shifted to the next sampling action of the controller response, or it is
effectively delayed until the next scheduled control action.

An illustration of this phenomenon is shown in Fig. 4.6. The vertical lines represent the digital con-
troller’s sampling actions within the time step hn, while the red cross marks the occurrence of a state
event between two sampling instants. That is the instant when the event triggering conditions are sat-
isfied. However, due to the discrete nature of digital control, the controller cannot respond until the
following sampling action. As a result, the state event is handled with a delay. This implies that, in simu-
lations of systems controlled solely by digital controllers, state events effectively transform to time events,
eliminating the need for event detection or time-step refinement to precisely capture their occurrence.

hn

tn−1 tn

State event shifted to the next sampling

tn,1 tn,2

Figure 4.6: A scheme showing the state event shifted to the next time event in a system controller by
digital controllers.

Finally, it is important to note that if a state event is not intended to be handled by a digital controller,
the typical approach is to reduce the time step to accurately capture the event. However, this does not
impose a significant computational burden on the solver, as state events occur relatively infrequently
compared to the more frequent time events associated with digital controllers’ operation.

4.2.7 Formulation

This section provides the formulation of IBM that allows the discrete events of digital controller actions
to be handled. IBM takes large time steps over multiple events, including their impact on the solution
by interpolating the state variables of the system at sampling points of the digital controller (tn,g), and
calculating the controller outputs as new state variables in the same Newton solution.

Let’s consider that the objective is to find the solution yn over the time step tn with the size hn =

tn − tn−1. We start with the explicit stage of IBM obtaining a preliminary solution y0
n and controller

outputs e0n,g. The results of this stage are then used in the implicit corrector stage as initial values.

Moving to the corrector stage, the residual function for the implicit integration method to be solved
for tn denoted by g can be defined as follows:

g(yn, en,pn) = 0 (4.9)
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It should be noted that only the last controller output en,pn is required to obtain the solution yn. However,
it depends on the previous controller outputs, and they depend on the system’s state variables at sampling
points. Therefore, the controller outputs can be formulated:

en,1 = ζ(en,0,yn,1, tn,1)

...

en,g = ζ(en,g−1,yn,g, tn,g)

...

en,pn = ζ(en,pn−1 ,yn,pn , tn,pn)

(4.10)

where en,0 is equal to the last controller output in the previous time step tn−1 due to ZOH, and yn,g,
g ∈ [1, pn] is the system state variables fed back to the controller as inputs at sampling points of the
controller tn,g. The time step for each sampling time of the digital controller is equal tohn,g = tn,g−tn−1.

Now the variables are defined, the intermediate state variables yn,g will be estimated using an in-
terpolation function wn. Using the interpolated values, the residuals for the controller outputs can be
formed to be solved alongside the state variables of the system. We have used a second-order Taylor
expansion formula for the interpolator as follows:

yn,g =wn(tn,g) = yn−1 + hn,gẏn−1

+
h2n,g
h2n

(yn − yn−1 − hnẏn−1)
(4.11)

It should be noted that to bound and control the integration method’s error, it should have a higher order
of local error than the interpolation polynomial [54]. Therefore, for most second-order integration meth-
ods, the Taylor interpolant polynomial with an order equal to the integration method (2nd order) will be
adequate.

The equations (4.10) are now included in the equations set of the system to be solved for time step
tn. Thus, the state variables of the system are extended by the controller outputs for the time step, adding
pn new variables associated with en,g (g ∈ [1, pn]).

To form the formulation of the new extended problem, we define a new state variable vector zn,
pooling together the state variables of the system yn and the controller signals en,g (g ∈ [1, pn]):

zn =

[
zn,1

zn,2

]
(4.12)

with:
zn,1 = yn (4.13)

zn,2 =
[
en,1 en,2 . . . en,g . . . en,pn

]T
(4.14)
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We also consider a new residual vector for the new state variable vector zn:

g̃ =

[
g̃1

g̃2

]
(4.15)

with:
g̃1(zn) = g(yn, en,pn) (4.16)

g̃2(zn) =


en,1 − ζ(en,0,yn,1)

...

en,g − ζ(en,g−1,yn,g)

...

en,pn − ζ(en,pn−1 ,yn,pn)

 (4.17)

Consequently, and writing it in terms of interpolating polynomials it will be written:

g̃(zn) =



g(yn, en,pn)

en,1 − ζ(en,0,wn(tn,1))

...

en,g − ζ(en,g−1,wn(tn,g))

...

en,pn − ζ(en,pn−1 ,wn(tn,pn))


(4.18)

Now, the new residual vector g̃ can be solved for zn to find yn.

4.2.8 Newton iterations

The extended problem, combining the state variables of the system and the controller outputs, can be
solved iteratively using a Newton scheme. At the m-th Newton iteration, the solution vector and inter-
polator function are defined as y(m)

n and w(m)
n , respectively. Also, y(m)

n,g and e(m)
n,g are the value as at the

interpolated steps. The IBM internal equations are thus expressed as:

y(m)
n,g = w(m)

n (tn,g), ∀g ∈ [1, pn]

e(m)
n,g = ζ(e

(m)
n,g−1,y

(m)
n,g ), ∀g ∈ [1, pn]

(4.19)

Now, the Newton iteration to be solved is formulated:

J (m)
n (z(m+1)

n − z(m)
n ) = −g̃(z(m)

n ) (4.20)

where J
(m)
n is the Jacobian matrix of the extended system (4.18) at the m-th Newton iteration. Since

the state variables extend by the number of controller outputs in each time step pn, and due to using a
variable time step method, the size of the Jacobian will change over different time steps with different
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sizes. Therefore, it can be formulated as:

J (m)
n =

[
A B

C D

]
=

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

∂g̃2
∂zn,1

∂g̃2
∂zn,2

]
(4.21)

Computing J
(m)
n can be highly challenging, particularly when the smart digital controller is proprietary

or operates as a black box. Although automatic differentiation tools exist for numerically computing the
Jacobian [55], it is important to note that the equations and states in (4.17) correspond to different time
instances, and interpolation-based approximations may vary significantly between iterations.

4.2.9 Jacobian

Sub-matricesA,B,C, andD correspond, respectively, to the controlled system Jacobian, the impact of
the controllers on the controlled system, the impact of the system on the controllers, and the controller
system Jacobian. Tomitigate the Jacobian computation challenges and improve computational efficiency,
an approximate Jacobian matrix can be utilized. In this context, the following approximations can be
adopted.

4.2.9.1 IBM-A

The most simplified Jacobian can be defined as the following:

J (m)
n =

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

≈ 0
∂g̃2
∂zn,1

≈ 0 ∂g̃2
∂zn,2

≈ Ipn

]
(4.22)

where the sub-matrices B and C are replaced by zeros. In other words, the impact of controllers on the
system and the impact of the system on the controller are neglected within a Newton iteration. Also,
the sub-matrix D is replaced with an identity matrix Ipn , indicating that the relationship between the
controller outputs and their previous ones is neglected. Its size is determined by the number of controller
sampling actions in the time step pn.

Since this is a dishonest Jacobian, it is expected that a larger number of Newton iterations will be
required to converge, compared to the exact Jacobian with all the sub-matrices accurately included.

4.2.9.2 IBM-AB

This approximation maintains sub-matrix C to zero but considers the sub-matrixB, which includes the
impact of controller outputs on the system’s equations:

J (m)
n =

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

≈ ∂g̃1
∂en,pn

∂g̃2
∂zn,1

≈ 0 ∂g̃2
∂zn,2

≈ Ipn

]
(4.23)

It is noticeable that in each time step, only the last output of the controller feeds back to the system. There-
fore, B is a sparse matrix that has only one non-zero element per controller input. This approximation
leads to an upper block triangular Jacobian matrix.
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4.2.9.3 IBM-AC

This approximation maintains sub-matrix B to zero but considers the sub-matrix C, which has the impact
of the system state variables on the controller equations:

J (m)
n =

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

≈ 0
∂g̃2
∂zn,1

≈ ∂g̃2
∂yn

∂g̃2
∂zn,2

≈ Ipn

]
(4.24)

This sub-matrix is also a sparse matrix with non-zero elements for each sampling of the controller per
system variable that is monitored. This approximation leads to a lower block triangular Jacobian matrix.

Computing this sub-matrix needs four function evaluations per sampling action per Newton itera-
tion per system’s equation (assuming a second-order interpolation polynomial), which, depending on the
system’s size and number of samplings, may lead to a major performance drop.

4.2.9.4 IBM-ABC

This variation has both sub-matricesB and C included simultaneously. Although it is expected to have
fewer Newton iterations using this Jacobian variation, the overall computation may increase due to cal-
culating both sub-matricesB and C.

J (m)
n =

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

≈ ∂g̃1
∂en,pn

∂g̃2
∂zn,1

≈ ∂g̃2
∂yn

∂g̃2
∂zn,2

≈ Ipn

]
(4.25)

4.2.9.5 Decoupled IBM

The core idea is to decouple the system and controller equations into two separate Newton loops, where
the output of each loop is used to update the inputs of the other in subsequent iterations. This approach
effectively acts as an iterative decoupled IBM (DIBM) embedded within the overall Newton iteration
process.

Initially, the system equations are solved, and the resulting solution is used to compute updated
controller outputs. These updated outputs then serve as inputs for the next iteration of the system solution.
This iterative process continues until both the system and controller solutions converge. A simplified
schematic of the DIBM approach is shown in Fig. 4.7.

To better describe DIBM, let’s again consider the state variables and controller outputs formulated as
(4.13) and (4.14), respectively. In addition, the residuals are formulated as (4.16) and (4.17) for the system
and controller equations, respectively. In the first stage, (4.13) and (4.16) result in the state variables
and their associated mismatches used to solve the systems equations in the m-th Newton iteration as
formulated in the following:

A(m)
n (z

(m+1)
n,1 − z

(m)
n,1 ) = −g̃1(z

(m)
n,1 ) (4.26)

whereA(m)
n is the sub-matrix of the Jacobian regarding the system’s equations (see 4.21).

The state variables computed in the first stage trigger the second stage, where they are used for the
interpolation function in (4.19) to obtain the interpolated state variables for each sampling time. Then,
(4.14) and (4.17) result in a new set of controller outputs and associatedmismatches, respectively. Finally,
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Figure 4.7: A simple scheme showing Newton iterations in DIBM.

the following Newton formula results in the corrected controller outputs for the next iteration:

D(m)
n (z

(m+1)
n,2 − z

(m)
n,2 ) = −g̃2(z

(m)
n,2 ) (4.27)

whereD(m)
n is the identity matrix in 4.21.

This process repeats until the combined state variables vector zn converges.

4.2.10 Jacobian comparison

Let’s assume that the number of continuous system equations is a, and for the digital controller equations
is b.

In the case of the ATM, the Jacobian matrix used to solve the problem has a fixed size of (a+ b)×
(a + b), as all equations are solved simultaneously at each time step. This matrix size remains constant
throughout the simulation.

For both SRM and SSM, the Jacobianmatrix size depends solely on the number of continuous system
equations and is equal to a × a, as the controller outputs are computed separately (either before or after
solving the DAEs at each time step), and this size remains constant throughout the simulation. Therefore,
ATM has a larger system to solve at each time step.

In contrast to the previous methods, which maintain a constant Jacobian matrix size throughout the
simulation, the Jacobian matrix in IBM varies at each time step. Its size depends on the simulation time
step hn and the number of digital controller samples pn within that interval. For instance, with a single
digital controller containing one equation (b = 1), the Jacobian matrix takes the form (a+pn)×(a+pn).

The increased size of the Jacobianmatrix ( due tomultiple controller actions within a single time step)
can result in a matrix significantly larger than the system itself. For example, consider a small system
with ten DAEs (a = 10) and four controllers (NC = 4), each performing five control actions within a
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time step. This yields 4×5 = 20 interpolation points, leading to a Jacobian matrix of size 30×30, which
is nine times larger than the original system. Furthermore, since the number of control actions pn can vary
at each time step, the Jacobian must be frequently recomputed. To balance performance and accuracy, a
so-called “dishonest” Jacobian approach [56] may be employed, where certain sub-matrices (B,C, orD
in (4.21)) are simplified. The dishonest Newton method preserves accurate residual computations while
using an approximate Jacobian, reducing overall computation time at the cost of a slower convergence
rate [57].

It is important to note that, in all variations, the sub-matrixD is approximated by an identity matrix
due to the opaque nature of the controllers. Specifically, as indicated by (4.17), D is inherently a bidi-
agonal band matrix with non-zero entries along the main diagonal and the sub-diagonal. However, when
controllers are treated as input-output black-box models, computing the sub-diagonal elements automat-
ically becomes highly complex or even infeasible. As a result, the sub-diagonal is set to zero, effectively
approximatingD as an identity matrix.

4.2.11 Flowchart

The flowchart of the proposed approach for a single time step is shown in Fig. 4.8. It should be noted that
the extended state variable vector zn is employed for both the convergence check and error estimation, as
illustrated in the flowchart. Consequently, the outputs of the controllers influence the time step adjustment
process.

50



Start

End

Compute y0
n using

the predictor

Compute y0
n,g using

the interpolator

Compute g̃(z(m)
n )

Compute the
approximate

Jacobian J(z(m)
n )

Solve for z(m+1)
n

Compute the error
estimate dn

m=1

∥z
(m+1)
n −z

(m)
n

z
(m)
n

∥∞ <

Tolerance

Yes

No

m++

dn < Tolerance

Yes

No

hn ≤ hmin
Yes

No

Decrease the time
step

Figure 4.8: Flowchart of the interpolation-based method for one time step

4.3 Simulation results

In this section, three sets of simulations are conducted to showcase the performance and accuracy of IBM
as follows:

• The first set of simulations showcases the performance and accuracy of IBM compared to SRM.

• The second set explores the accuracy and performance of DIBM compared to IBM.
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• Finally, a comparison of IBMwith SRM,ATM, and SSM is presented in the third set of simulations.
It also discusses the Jacobian variations of IBM and their impact on performance.

A variable-step predictor-corrector integration method, based on a second-order Adams–Bashforth
and Adams–Moulton pair, is employed to solve all case studies [22]. For the IBM approach, a second-
order Taylor expansion polynomial is used for interpolation. The same set of system and controller DAEs
is solved across all methods, except for ATM, which utilizes analog equivalents. Additionally, uniform
quantization with 16-bit resolution is assumed for both the ADC and DAC components. The time-step
adjustment factors are set to 1.25 for step size increase and 0.5 for decrease. The minimum and maximum
allowable time steps are defined as 1 ms and 1 s, respectively.

Furthermore, Euclidean distance is used for comparing the accuracy of different trajectory results of
different methods, as formulated [58]:

d(α, β) =

√√√√ N∑
n=1

(αi − βi)2 (4.28)

where d denotes the distance between time series of trajectories α and β, and N is the total number of
time steps. It is noteworthy that due to the variable time-step approach, the time-series trajectories might
not align at the same points in time. Thus, a first-order linear interpolation is first used to estimate the
solution at points between them. All solvers for all methods are implemented in MATLAB 2021 [59].

4.3.1 IBM

In this section, three test cases are considered for evaluation of the performance and accuracy of IBM
compared to the classical SRM approach:

1. A general system consisting of two ODEs controlled by an equation-based integral digital con-
troller.

2. A single-machine infinite-bus (SMIB) system having a synchronous generator controlled by an
equation-based governor digital controller and a black-box fuzzy AVR digital controller connected
to an infinite bus.

3. A modified Kundur test system consisting of 4 synchronous generators and an HVDC link between
two areas. The first two generators have equation-based AVRs, while the rest have black-box fuzzy
AVRs. The same equation-based governor digital controller is used for all of them. Furthermore,
an equation-based power oscillations damping (POD) controller is considered for the HVDC link.

4.3.1.1 A single integral controller

In this section, a test system controlled by a single integral controller is considered. Referring back to
Fig. 4.1, for the continuous system a set of two differential equations formulated as (4.29) is considered:[

ẏ1

ẏ2

]
︸ ︷︷ ︸

ẏ

=

[
a b

−b 0

]
︸ ︷︷ ︸

A

[
y1

y2

]
︸ ︷︷ ︸

y

+

[
−b
0

]
︸ ︷︷ ︸

B

e(t) (4.29)
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An integral controller with a gain KI = 0.07 and sampling time T = 0.1 s is considered. The digital
integral controller is defined as:

ek = ek−1 +KIT (u(kT )− y2(kT )) (4.30)

where u(kT ) is the set point (considered constant).

The simulated output for a step set point change is shown in Figs. 4.9 and 4.10 for one stable and one
unstable system, respectively. As can be seen, no visible difference can be detected between the output
trajectories of SRM and IBM.
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Figure 4.9: Output results for the stable system with the Integral controller

0 10 20 30 40 50 60
Time (s)

0

0.2

0.4

0.6

0.8

1

1.2

y 2

SRM
IBM

Figure 4.10: Output results for the unstable system with the Integral controller
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The total number of Newton iterations required to solve the system is summarized in Table 4.1 as a
benchmark to assess the performance of IBM compared to SRM. It can be seen that, in both the stable and
unstable scenarios, IBM is faster than SRM. This can be explained from Fig. 4.11 and Fig. 4.12, where
the time-step size is plotted for both methods. While SRM is blocked by the digital controller sampling
time, IBM manages to increase the time-step size without sacrificing accuracy.
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Figure 4.11: Step size results for the stable system with the Integral controller
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Figure 4.12: Step size results for the unstable system with the Integral controller
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Table 4.1: Performance comparison between IBM and SRM for a system containing one integral con-
troller in terms of the number of Newton iterations

System parameters SRM IBM

Stable case 5473 1133
Unstable case 5333 2403

4.3.1.2 Single machine model with excitation system and governor

In this section, a synchronous machine connected to an infinite bus (SMIB) by a tie of transmission lines
is considered as shown in Fig. 4.13. The synchronous machine is controlled by a fuzzy-based excitation
controller and a governor, as illustrated in Fig. 4.14. The DAE set describing the generator and the
schematic of the exciter and governor systems are presented in Appendix I. It is noticeable that while the
governor is an equation-based controller, the fuzzy AVR is non-equation-based and modeled as a black-
box with an input and output [60]. The sampling times of the Governor and AVR are considered equal to
20 and 6 ms, respectively.

G

Figure 4.13: Schematic of the single machine infinite bus system

Generator

Exciter

Governor

D/A

D/A

A/D

A/D

Figure 4.14: Overview of a synchronous machine with digital Governor and Exciter digital controllers

A short circuit with low impedance is applied at the end of the line connected to the infinite bus at
time t = 1 s and cleared after 0.2 s by disconnecting the line. Figure 4.15 shows the output voltages
of the generator. Furthermore, the output active and reactive power, and frequency of the generator are
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illustrated in Figs. 4.16, 4.17, and 4.18. In addition, the output signal for the excitation system and the
governor is illustrated in Figs. 4.19 and 4.20. It can be seen that the simulation outputs are identical in
both methods for all the simulated signals.
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Figure 4.15: The generator’s voltage output of SMIB system
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Figure 4.16: Active power of the generator of SMIB system
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Figure 4.17: Reactive power of the generator of SMIB system
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Figure 4.18: Frequency of the generator of SMIB system
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Figure 4.19: Output of the digital excitation system of the generator of SMIB system
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Figure 4.20: Output of the digital governor of the generator of SMIB system

In addition, as can be seen in Fig. 4.20, the governor reaches its upper and lower limits equal to 0.9
and 0.1, showing the non-linear nature of the simulated model. This also shows the ability of IBM to
catch the state events caused by the controller reaching its limits without the need to reduce the step size.
As discussed in section 4.2.6, it is achieved by the fact that the state events translate to time events since
they are not seen by the digital controller before its next sampling. The same phenomenon happens for
SRM as well, since all the controllers are digital. However, SRM handles the state event by a forced
reduced time step.

The number of Newton iterations and the execution time required to solve the described system are
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Table 4.2: Performance comparison between IBM, and SRM for the SMIB system

Method Number of Newton iterations Run time (s)

SRM 25491 9.35
IBM 483 1.90

summarized in Table 4.2. It can be seen that IBM is about 52 and 5 times faster than traditional SRM in
terms of Newton iterations and execution time, respectively. The step sizes taken to simulate the SMIB
system are shown in Fig. 4.21, justifying the accelerated execution time.
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Figure 4.21: step size results for SMIB system

4.3.1.3 Modified Kundur system

In this section, a modified version of the Kundur test network [61], illustrated in Fig. 4.22 alongside its
initial power flows, consisting of four synchronous generators and two loads, is considered as the test
case. In addition, an HVDC link parallel with the tie between the two areas of the system is considered.
Similar to the previous case study, each generator is controlled by a digital AVR [62] and a Governor
[63]. While the AVR model used for generators 1 and 2 is considered equation-based, the non-equation-
based fuzzy AVR is utilized for generators 3 and 4. So, the system has 4 digital governors, 4 digital
exciters for the generators, and a power oscillations damping (POD) controller for the HVDC link [64],
therefore, 9 controllers in total. The sampling time of digital governors and digital exciters for generators
1 to 4 is considered 20 ms, 30 ms, 40 ms, 50 ms, and 5 ms, 6 ms, 7 ms, 8 ms, respectively, and 90 ms
for the POD controller. It should be noted that the sampling times were selected slightly differently and
asynchronously to showcase the proposed method in a more realistic setting. The DAEs describing the
generator and the schematics of all the controllers are presented in Appendix I.

A short circuit with a low impedance on bus 3 for 0.2 s is simulated as the disturbance. The voltage,
speed deviation, AVR, governor, and POD output of the first generator are illustrated in Figs. 4.23, 4.24,
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Figure 4.22: Schematic of modified Kundur network

4.25, 4.26, and 4.27 respectively. It is shown that the simulated results are almost identical between SRM
and IBM.
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Figure 4.23: Bus 1 voltage magnitude of the Kundur system
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Figure 4.24: Speed deviation of generator 1 of the Kundur system
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Figure 4.25: Output of the digital excitation system of generator 1 of the Kundur system

61



0 5 10 15 20 25
Time (s)

0.88

0.9

0.92

0.94

0.96

0.98
G

ov
er

no
r 

ou
tp

ut
 (

Pe
r 

un
it)

G1 SRM
G1 IBM

Figure 4.26: Output of the digital governor of generator 1 of the Kundur system
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Figure 4.27: Output of the digital POD of the Kundur system

The performance of the methods is compared using the number of Newton iterations and the ex-
ecution time required to solve the Kundur test network, and the results are summarized in Table 4.3.
Again, it can be seen that IBM is much faster than SRM (about 16 times), as justified by the time-step
size shown in Fig. 4.28. Also, by comparing all three case studies, it can be noted that, as the number of
digital controllers of the system under simulation increases, SRM becomes slower at a much faster rate
than IBM. The reason is that as the number of controllers grows, the difference between two adjacent
sampling times becomes smaller and limits the step size further, while this is not the case in IBM.

62



Table 4.3: Performance comparison between IBM, and SRM for Kundur test system

Method Number of Newton iterations Run time (s)

SRM 64158 327.26
IBM 959 19.54
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Figure 4.28: Step size results for the Kundur system

4.3.2 DIBM

Similar to the previous section, the same three case studies are used to showcase the accuracy and perfor-
mance of DIBM compared to the original IBM and SRM. The only difference is that the third case study,
the Kundur test system, lacks the added HVDC link and the associated POD controller, hence, it has 8
digital controllers. Also, all the controllers used are equation-based, which are presented in Appendix I.
Therefore, the case studies in this section can be listed as follows:

• A general system consisting of a two-state continuous ODE system controlled by a digital integral
controller.

• A single-machine infinite-bus (SMIB) system containing a synchronous generator connected to an
infinite bus under control by two digital controllers: a governor and an exciter.

• The well-known Kundur test system, which has 4 synchronous generators and eight digital con-
trollers in total (two for each generator.

4.3.2.1 A single integral controller

The trajectories of the system’s second output, simulated over 50s, are presented in Fig. 4.29 and Fig. 4.30
for both stable and unstable cases (corresponding to different values of a and b), using all three methods:
SRM, IBM, and DIBM. As illustrated, all three methods exhibit comparable accuracy in this case study,
as was expected.
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Figure 4.29: Output results for the stable system controlled by an integral controller
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Figure 4.30: Output results for the unstable system controlled by an integral controller

Furthermore, the performance of all three methods is showcased in Table 4.4 in terms of the total
number of Newton iterations for all time steps. It can be seen that the IBM-based methods are compu-
tationally faster than the SRM due to the time-step reduction. Comparing IBM with DIBM, the unstable
case simulation shows no difference, while the simulation for the stable case is slightly faster. This is also
justified by the time steps taken that are depicted in Fig. 4.31 and Fig. 4.32 for the stable and unstable
scenarios, showing similar performance for both IBM and DIBM.
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Table 4.4: Performance result of the first case study simulations in terms of number of Newton itera-
tions using SRM, IBM, and DIBM

System state SRM IBM DIBM

Stable 4106 1071 1061
Unstable 3999 1758 1758
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Figure 4.31: Step size results for the stable system with the Integral controller
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Figure 4.32: Step size results for the unstable system with the Integral controller
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4.3.2.2 Single machine model with excitation system and governor

This test system consists of a synchronous generator connected to an infinite bus using a transmission
line, as shown in Fig. 4.13. The generator is controlled by a digital governor with a sampling period
TG = 0.2 s and a digital exciter with a sampling period TG = 0.4 s. The block diagrams are shown in I.

A short circuit at t = 1 s is applied to the infinite bus for 200 ms. The generator voltage, active
power, reactive power, the governor output, and the exciter output are shown in Figs. 4.33, 4.34, 4.35,
4.36, and 4.37. Again, the same level of accuracy can be observed for all three methods.
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Figure 4.33: Generator voltage output of SMIB system
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Figure 4.34: Active power output of SMIB system
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Figure 4.35: Reactive power output of SMIB system
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Figure 4.36: Governor output of SMIB system
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Table 4.5: Performance result of the SMIB system simulations in terms of number of Newton iterations
and run time using SRM, IBM, and DIBM

Method Nb. Newton iterations Average of 5 executions (s)

SRM 4801 4.40
IBM 643 0.95
DIBM 624 0.88
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Figure 4.37: Exciter output of SMIB system

The performance comparison is shown in Table 4.5, listing the total number of Newton iterations
and the execution time. The reported time is the average of 5 runs of the simulation to make sure of the
validity of the numbers. Again, SRM shows clearly the least performance, while DIBM is slightly faster
than IBM. The reason is that the controller outputs are calculated in each iteration with the updated state
variables, which leads to faster convergence for some time steps. This can also be justified using the time
steps taken, depicted in Fig. 4.38, showing similar time step sizes for IBM and DIBM.
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Figure 4.38: Step size results for SMIB system

4.3.2.3 Kundur system

For the last case study, the well-known Kundur system is considered. The sampling periods are equal to
210, 220, 230, and 240 ms for the governors, and 41, 42, 43, and 44 ms for the exciters, respectively.

A load reduction of 250 MW in L7 is simulated at t = 1 s and then restored at t = 12 s. The
simulation results for the voltage of buses 1, 4, and 9, the governor outputs, and the exciter outputs are
illustrated in Figs. 4.39, 4.40, and 4.41.
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Figure 4.39: Voltage of bus 1, 4, and 9 of Kundur system
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Figure 4.40: Governor outputs of Kundur system
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Figure 4.41: Exciter outputs of Kundur system

Once more, the trajectories show the same accuracy between all three methods. However, the per-
formance results listed in Table 4.6 demonstrate that the number of iterations for DIBM is slightly less
than IBM, consequently, the execution time for DIBM is smaller. Finally, the time steps taken by all
three methods are shown in Fig. 4.42, supporting the performance results.
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Table 4.6: Performance result of the third case study simulations in terms of number of Newton itera-
tions and run time using SRM, IBM, and DIBM

Method Nb. Newton iterations Average of 5 executions (s)

SRM 11927 42.48
IBM 604 2.54
DIBM 598 2.38
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Figure 4.42: Step size results for Kundur system

4.3.3 Methods comparison

In this section, the proposed IBM is compared to SRM, ATM, and SSM regarding accuracy and perfor-
mance.

Two case studies are used for this part of the simulation studies:

• The two-state system under control by the integral controller.

• The kundur system.

All the parameters and details of the case studies are discussed in the previous section, so they are
neglected here.

4.3.3.1 A single integral controller

The output of the system y2 is illustrated for stable and unstable scenarios (different b values) in Figs. 4.43
and 4.44, respectively. It should be pointed out that only IBM-AB is used for this case study.
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Figure 4.43: Simulation results for the methods SRM, ATM, SSM, and IBM for the stable system con-
trolled by the integral controller
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Figure 4.44: Simulation results for the methods SRM, ATM, SSM, and IBM for the unstable system
controlled by the integral controller

As can be seen, the response of SRM, ATM, and IBM is almost identical, with SSM being the most
inaccurate. The reason is that SSM cannot handle multiple time events in one time step. In other words,
it can only shift one time event to the end of the time step and discards the rest since each has its unique
feedback that SSM has no access to.

Figures 4.45 and 4.46 show the time steps taken for the stable and unstable systems, respectively.
It can be seen that SRM limits the time steps to the difference between controller sampling times, while
other methods are able to increase the time step size with no limitation. In addition, it is noticeable that

72



ATM has the fastest time step increase. Furthermore, the number of Newton iterations for solving the
stable and unstable systems and for all the methods is listed in Table 4.7
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Figure 4.45: Step size results for the methods SRM, ATM, SSM, and IBM for the stable system with the
Integral controller

0 10 20 30 40 50 60 70
Time (s)

0

0.2

0.4

0.6

0.8

1

St
ep

 S
iz

e 
(s

)

SRM
ATM
SSM
IBM

Figure 4.46: Step size results for the methods SRM, ATM, SSM, and IBM for the unstable system with
the Integral controller
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Table 4.7: Performance comparison between SRM, ATM, SSM, and IBM-AB for a system containing
one Integral controller in terms of the number of Newton iterations

Method SRM ATM SSM IBM-AB

Stable case 6338 336 830 1180

Unstable case 6151 2497 2561 2895

4.3.3.2 Kundur system

As mentioned before, the system has 8 digital controllers in total. The sampling time T of the digital
controllers is set to 210 ms, 220 ms, 230 ms, and 240 ms for the governors, and 41 ms, 42 ms, 43 ms, and
44 ms for the exciters.

A short circuit on bus 3 for 200 ms is simulated using all four methods. The simulation outputs are
shown in Figs. 4.47, 4.48, 4.49, and 4.50, for the voltage of bus 1, the speed deviation of the third genera-
tor, the governor output of the third generator, and the exciter output of the third generator, respectively.
An upper limit equal to 2 per unit is considered for the third exciter to assess the accuracy of the methods
while facing non-linearity in the controllers, and the results are illustrated in Fig. 4.50.
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Figure 4.47: Voltage of bus 1 of the Kundur test system
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Figure 4.48: Speed deviation of the generator 3 of the Kundur test system
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Figure 4.49: Governor output of the generator 3 of the Kundur test system
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Figure 4.50: Exciter output of the generator 3 of the Kundur test system

As can be seen, ATM has the worst accuracy since it ignores the digital nature of the controller.
This is also reflected in Table 4.8, which lists the Euclidean distance of the bus 1 voltage and speed
deviation of the third generator with respect to SRM as the reference trajectory. It is also not the fastest
method anymore, which is reflected in Fig. 4.51 that shows the time steps taken for all four methods.
Furthermore, it can also be seen in Table 4.9, which summarizes the performance in terms of the number
of Newton iterations, the number of function evaluations, and the average execution time of five repetitive
simulations. The reason that ATM is not the fastest method anymore is that the size of the system to be
solved is increased by the number of controllers’ equations, while SSM solves a smaller system for each
time step.

0 5 10 15 20
Time (s)

0

0.2

0.4

0.6

0.8

1

St
ep

 s
iz

e 
(s

)

SRM
ATM
SSM
IBM-A

Figure 4.51: Step size results for the methods SRM, ATM, SSM, and IBM for the Kundur test system
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Table 4.8: Accuracy comparison between ATM, SSM, and IBM with respect to SRM for Kundur sys-
tem using Euclidean distance

Method ATM SSM IBM-A
ϵ(V1) 0.1359 0.1160 0.1138

ϵ(Speed deviation 3) 0.007697 0.0009768 0.0004236

Table 4.9: Performance comparison between SRM, ATM, SSM, and IBM-A for Kundur system in
terms of the number of Newton iterations, function evaluations, and runtime

Method SRM ATM SSM IBM-A
N. Newton iterations 9633 1255 1160 1241

N. function evaluations 1782105 292415 214600 229585

Average runtime (s) 33.01 6.21 3.88 4.45

4.3.4 Jacobian comparison

The impact of different Jacobians of IBM on performance is discussed in this section. The same simu-
lation using the Kundur system is repeated for the IBM Jacobian variation methods. The accuracy and
performance results are listed in Table 4.10 and Table 4.11, respectively.

Table 4.10: Accuracy comparison between IBM-A, IBM-AB, IBM-AC, and IBM-ABC with respect to
SRM for Kundur system using Euclidean distance

Method IBM-A IBM-AB IBM-AC IBM-ABC

ϵ(V1) 0.113806 0.113755 0.113805 0.113754

Table 4.11: Performance comparison between IBM variations for Kundur system in terms of the num-
ber of Newton iterations, function evaluations, and runtime

Method IBM-A IBM-AB IBM-AC IBM-ABC

N. Newton iterations 1241 1209 1233 1206

N. function evaluations 229585 238121 393337 392652

Average runtime (s) 4.45 5.41 27.47 24.89

As the sub-matrixes are added, the number of Newton iterations decreases due to the more accurate
Jacobian. However, the run time increases since they require many more function evaluations to be
calculated. Comparing the runtime of IBM-AC and IBM-ABC with the IBM variations without the C
sub-matrix, it can be noticed that the sub-matrix C calculation leads to a significant increase in function
evaluations and consequently a performance drop. Among all the variations investigated, IBM-AB seems
a reliable option both in terms of accuracy and performance.
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4.4 Summary

In this section, 4 treatment methods capable of handling the time events of digital controllers were dis-
cussed. Each method has its weaknesses and strengths, either having good accuracy at the cost of per-
formance loss or vice versa. Therefore, the interpolation-based method was proposed to fill the gap and
have a fast yet accurate simulation of systems with digital controllers.

It was shown that for systems with many digital controllers, the analog treatment method, which is
widely used today, is not always the fastest method (see Table 4.9), and it lacks accuracy (see Table 4.8).
Also, it was shown that IBM has the highest accuracy relative to our reference method, SRM, while it
has a performance similar to SSM, which is the fastest method. For instance, IBM is more than 16 times
faster than SRM (see Table 4.3). Furthermore, several IBM variations based on simplified Jacobian
matrix formations were introduced, and their accuracy and performance were compared, showing that
perfecting the Jacobian may lead to a significant performance drop. However, it is shown that adding the
sub-matrix B that takes into consideration the impact of the controller’s output on the system’s equations
can be the best choice since it reduces the required number of Newton iterations by 2 percent while adding
less than 1 second to the execution time (see Table 4.11).
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5 Modifications and Extensions

In the previous section, the interpolation-based method was proposed for quickly and accurately simu-
lating power systems with digital controllers. In this section, IBM is extended or modified to different
versions, each suitable for specific challenges that may arise during the simulation of digital controllers
in power system dynamics.

5.1 Simplified IBM

The SSM was presented and discussed in detail in Chapter 4. It is a fast method for obtaining quick
system’s dynamics. However, it suffered lack of accuracy, especially for systems with multiple digital
controllers with relatively fast sampling rates. The reason is that SSM is developed for handling state
events [65], and they rarely happen more than once in a time step. Therefore, while facing digital con-
trollers, SSM shifts only one event to the end of the time step and discards the rest of them.

5.1.1 Simplified simulation challenge

To prevent issues that may occur while using SSM, some precautions are suggested[40]:

• It is essential to ensure that the flow is formulated in a way that is differentiable with respect to
the state variables. If this condition is not satisfied, the dishonest Newton scheme may rely on
an outdated Jacobian, potentially leading to divergence of the Newton iterations. In cases where
the flow is non-differentiable, it must be reformulated as a combination of differentiable flows,
accompanied by appropriate conditions that govern transitions between them.

• Since relatively large step sizes are used, the intermediate state variables produced during the sim-
ulation may deviate significantly from the true solution. Therefore, both the jump conditions and
the flows must be formulated to robustly accommodate such deviations.

• SSMmay result in cycling between flows. This issue can be addressed by appropriately modifying
the state transition graph.

• Last but not least, a step reduction can be performed if none of the above suggestions are helpful
to remove the simulation issue.

To better discuss the challenges of SSM for simulation of digital controllers, let’s again consider a
continuous system described by DAEs:

ẏ(t) = f(y(t), e(t))

y(0) = y0, e(0) = e0
(5.1)

which is under control by a digital controller described using difference equations:

ek = ζ(ek−1,y(kT )) (5.2)

The reader may refer to Section 4.1 for details on variables.
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Based on (5.2), there are mainly two reasons why SSM is not able to find the correct steady-state
or follow fluctuations accurately. Fig. 5.1 shows a time step taken that has multiple time events from
the operation of two digital controllers, indicated with different ink colors. First, SSM cannot consider
multiple interconnected time events in one time step arising from the operation of a digital controller,
since each controller output depends on the previous one. Furthermore, each controller output needs a
unique feedback from the system in a specific sampling time, which is not available to SSM.
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yn,2 ̸= yn,4

Figure 5.1: Time stepping using SSM in a simulation with two digital controllers with different sampling
rates indicated by red and blue ink.

Therefore, there is a need for a simplified simulation method capable of simulating systems with
digital controllers.

To address the issues mentioned above, the simplified IBM (SIBM) is developed with the aim of
improving accuracy while maintaining the high performance of SSM. Therefore, the following modifi-
cations are introduced to SSM:

1. Considering (5.2), it can be seen that each controller output depends on the previous one. This
means that the function ζ, which calculates the controller output, can be called recursively as many
times as the controller samples in the time step hn, instead of being called only once.

2. Instead of using the outdated feedback y(kT ) from the previous time step, an interpolation function
can be used to estimate the feedback of the system at each sampling time, and then the interpolated
feedback will be used in (5.2).

Fig. 5.2 shows the scheme SIBM for the simulation of a system with a digital controller over one
time step. For each controller sampling action tn,g, an interpolation formula wn(tn,g) is used to estimate
the system’s feedback at that sampling (blue dashed arrows):

xn,g = wn(tn,g), ∀g ∈ [1, pn] (5.3)

wherexn,g is a subset of system variables yn,g under monitor by the controller, g is denoting the sampling
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index, and pn is the last sampling. Now the controller output can be calculated as (red solid arrows):

en,g = ζ(en,g−1,xn,g), ∀g ∈ [1, pn] (5.4)

Repeating this process for all the sampling in the time step recursively (dashed green arrow) results
in the last controller output en,pn which goes to the system as input to calculate yn+1.
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Figure 5.2: Time stepping using SIBM in a simulation with one digital controller. The blue ink indicates
the interpolated variables. The red arrows indicate the sifting of samples. The green arrow shows the
sequence of controller outputs being calculated.

5.1.2 Simulation results

In this section, a case study is considered to first showcase the challenge of SSM and its accuracy loss,
then the accuracy and performance of SIBM, performing the same simulation, are illustrated.

Once again, the Kundur system is considered with 8 digital controllers, one governor, and an AVR
for each synchronous generator.

5.1.2.1 Slow controllers

In the first case, we use controllers with slower sampling rates. Therefore, there will be less number of
time events in each time step, and less number of them will be neglected by SSM. For this scenario, the
sampling rate T of the digital controllers is set to 210 ms, 220 ms, 230 ms, and 240 ms for the governors,
and 41 ms, 42 ms, 43 ms, and 44 ms for the exciters.

A short circuit on bus 3 for 200 ms is simulated using all four methods of SRM, SSM, IBM, and
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SIBM. The simulation outputs are shown in Figs. 5.3, 5.4, 5.5, and 5.6, for the voltage of bus 1, the
speed deviation of the third generator, the governor output of the third generator, and the exciter output
of the third generator, respectively. It can be seen that while SSM has some minor accuracy loss, SIBM
is perfectly following the correct trajectory, similar to IBM.
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Figure 5.3: Voltage of bus 1 of the Kundur test system with slow controllers. The blue solid line is SRM,
a reference point as the most accurate approach, the yellow pluses represent the IBM, while the dashed
red and purple lines are the SSM and SIBM, respectively.
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Figure 5.4: Speed deviation of generator 3 of the Kundur test system with slow controllers. The blue
solid line is SRM, a reference point as the most accurate approach, the yellow pluses represent the IBM,
while the dashed red and purple lines are the SSM and SIBM, respectively.
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Figure 5.5: Governor output of generator 3 of the Kundur test system with slow controllers. The blue
solid line is SRM, a reference point as the most accurate approach, the yellow pluses represent the IBM,
while the dashed red and purple lines are the SSM and SIBM, respectively.
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Figure 5.6: Exciter output of generator 3 of the Kundur test system with slow controllers. The blue solid
line is SRM, a reference point as the most accurate approach, the yellow pluses represent the IBM, while
the dashed red and purple lines are the SSM and SIBM, respectively.

The performance results of the simulations using all the methods are listed in Table 5.1, in terms of
the number of Newton iterations and average run times. As expected, SSM is the fastest method. SIBM
is the second fastest, followed by IBM, which solves a larger system with an extended state variables
vector.

The step size results for the method are illustrated in Fig. 5.7. As evident, SSM reduces the step size
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Table 5.1: Performance comparison between SRM, SSM, IBM, and SIBM for Kundur system with
slow controllers in terms of the number of Newton iterations, and runtime

Method SRM SSM IBM SIBM

N. Newton iterations 16813 1198 1288 1214

Average runtime (s) 66.14 4.72 5.9 5.13

a couple of times due to accumulated error estimates. However, it hits the maximum time step first.
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Figure 5.7: Step size results for all the methods simulating the Kundur system with slow controllers. The
minimum and maximum time step size limits are equal to 1 ms and 1 s, respectively, for all the methods.

5.1.2.2 Fast controllers

The same simulation is repeated here with controllers with faster sampling rates. For this scenario, the
sampling rate T of the digital controllers is set to 21 ms, 22 ms, 23 ms, and 24 ms for the governors, and
4.1 ms, 4.2 ms, 4.3 ms, and 4.4 ms for the exciters. In other words, each controller is 10 times faster than
the previous scenario.

The simulation outputs are shown in Figs. 5.8, 5.9, 5.10, and 5.11, for the voltage of bus 1, the speed
deviation of the third generator, the governor output of the third generator, and the exciter output of the
third generator, respectively.

In this scenario, SSM struggles to find the steady-state and follow the fluctuations correctly. To solve
this issue, the user can decrease the maximum time step to limit the number of events that can fall in each
time step. However, in that case, SSMwon’t be a fast method after all. Nevertheless, SIBM shines, being
able to follow the trajectories more accurately once more.
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Figure 5.8: Voltage of bus 1 of the Kundur test system with Fast controllers. The blue solid line is SRM,
a reference point as the most accurate approach, the yellow pluses represent the IBM, while the dashed
red and purple lines are the SSM and SIBM, respectively.
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Figure 5.9: Speed deviation of generator 3 of the Kundur test system with fast controllers. The blue solid
line is SRM, a reference point as the most accurate approach, the yellow pluses represent the IBM, while
the dashed red and purple lines are the SSM and SIBM, respectively.
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Figure 5.10: Governor output of generator 3 of the Kundur test system with fast controllers. The blue
solid line is SRM, a reference point as the most accurate approach, the yellow pluses represent the IBM,
while the dashed red and purple lines are the SSM and SIBM, respectively.
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Figure 5.11: Exciter output of generator 3 of the Kundur test system with fast controllers. The blue solid
line is SRM, a reference point as the most accurate approach, the yellow pluses represent the IBM, while
the dashed red and purple lines are the SSM and SIBM, respectively.

The performance results for simulations of fast controllers are listed in Table 5.2. As can be seen,
now the faster method is SIBM, as SSM has more Newton iterations. There are two reasons for extra
Newton iterations of SSM. First, it needs more Newton iterations to reach convergence. In addition, SSM
often reduces time steps to avoid high error estimates. This is evident in Figs. 5.12, which depicts the
step size results for all four methods. As can be seen, SSM is busy decreasing the time steps periodically
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to keep the error estimate below the threshold while finding the steady-state.

Table 5.2: Performance comparison between SRM, SSM, IBM, and SIBM for Kundur system with fast
controllers in terms of the number of Newton iterations, and runtime

Method SRM SSM IBM SIBM

N. Newton iterations 164399 1685 1291 1241

Average runtime (s) 661.70 6.41 11.9 5.58
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Figure 5.12: Step size results for all the methods simulating the Kundur system with fast controllers. The
minimum and maximum time step size limits are equal to 1 ms and 1 s, respectively, for all the methods.

Another interesting point regarding the performance of the methods is that SRM is 10 times slower
compared to the first scenario with slower controllers, as can be read from Table 5.3, listing the perfor-
mance drops in terms of run times and Newton iterations. The reason, of course, is that the step sizes are
heavily cramped by the tiny spaces between the controllers’ samplings. However, the other 3 methods
don’t get that performance drop rate, losing only a few seconds, as they still jump over multiple discon-
tinuities. Meanwhile, SIBM has the lowest performance drop ratio (in terms of runtime) since it solves a
much smaller system compared to IBM.

Table 5.3: Performance drop rate between two scenarios for SRM, SSM, IBM, and SIBM for Kundur
system in terms of the number of Newton iterations, and runtime

Method SRM SSM IBM SIBM

N. Newton iterations drop ratio 9.77 1.40 1.00 1.02

Runtime drop ratio 9.99 1.35 2.01 1.08
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5.2 Light IBM

As was discussed so far, digital controllers introduce numerous discontinuities during the simulation that
are challenging to handle. IBM was proposed to address this challenge by including the impact of the
discontinuities at the end of a large time step using interpolation polynomials and including the controller
outputs in the Newton solver process. However, IBM will suffer from a performance drop if computing
the controller output is computationally heavy relative to a Newton iteration performed. The reason is
that IBM relies on calling the controller multiple times instead of reducing the time step. In this section,
a light version of IBM is proposed for handling computationally heavy controllers that covers the IBM
performance drop while facing them.

5.2.1 Computationally heavy controllers

During the dynamic simulation of a system with digital controllers, the controller is called with feedback
from the system that is injected into the controller block as an input. The computations that need to be
executed inside the controller block to produce an output take some time. The time delay between feeding
the input to the controller and resulting in an output from the controller is called the controller call cost
here.

Let us assume the controller call cost is a, and solving each Newton iteration cost is b. IBM calls the
controller function ζ once per sampling per Newton iteration, therefore, the total controller cost for IBM
is equal to tcIBM = (a×T ×m)+(b×m), while SRM calls the controller once each sampling time, so
tcSRM = (a×T )+ (b×m∗). It should be noted that the number of Newton iterations for SRM is many
times more than IBM, depending on the size of the time steps taken (m ̸= m∗). If the controller call cost
a is computationally light compared to the cost of solving each Newton iteration (a≪ b), the total cost of
the simulation is tc ∼= b×m. In this case, IBM has better performance than SRM since it takes large time
steps and the solver solves the systemmany times fewer than SRM (m≪ m∗). However, if the controller
call cost is large and not negligible compared to b, then cc is no longer negligible and tc = b+ cc. Now,
since IBM calls the controllerm times more than SRM, then tcIBM > tcSRM . In other words, simulating
a computationally demanding controller with IBMmay lead to slower simulation compared to SRM if the
added cost of the extra controller calls is significant compared to the computations saved by not reducing
the time step.

In addition, the size of the system to be solved increases per each sampling found in each time step
for IBM. For example, the size of the Jacobian for a system with i equations and j controller equations
each having r samples in a time step is equal to (i+ (j × r))× (i+ (j × r)) while it remains i× i for
SRM

5.2.2 Controller calls

The first modification restricts calling the controller evaluation functions only in the first Newton iteration
m. Therefore, the controller call cost in IBM becomes ccIBM = a× T , similar to SRM. In other words,
the second term of (4.17), which is the controller function ζ remains constant for the rest of the iterations
in each time step. This reduces the number of controller calls and the use of an interpolation polynomial
bym− 1 times per controller per sampling in a time step.
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The drawback of this modification is that the Jacobian and the controller mismatches are accurate
only for the first Newton iteration. Therefore, minor inaccuracies are expected to occur.

5.2.3 Size of the Jacobian

The second modification aims to reduce the size of the system to be solved by including only the last
controller output in each time step to form the Jacobian (r = 1). Therefore, the Jacobian size remains
constant and equal to (i+j)×(i+j) for the time step (assuming that the controller has at least 1 sample in
the time step taken). Therefore, less computation is needed to solve the system in every Newton iteration.

Using the modifications suggested, the number of calls to the controllers and the size of the system
to be solved decrease, leading to an increase in performance.

In the next section, the performance increase and the impact of the modifications on the accuracy are
demonstrated.

5.2.4 Simulation results

To compare the methods introduced in the previous section, a 3-bus network illustrated in Fig. 5.13 is
considered. The synchronous generator is assumed to be under the control of a digital governor and a
digital exciter again. For the governor, an equation-based controller with its continuous block diagram
shown in I is considered. For the exciter, however, three different controllers are simulated as follows:

1. An equation-based AVR (EQAVR) with its continuous block diagram presented in I.

2. An AVR based on fuzzy logic (FAVR).

3. Amachine learning-basedAVR (MLAVR) trained based on the results obtained from the simulation
of EQAVR.

SG PV
Re1 + jXe1 Re2 + jXe2

Load

BUS1 BUS2 BUS3

Figure 5.13: The schematic of the 3-bus network

The average call time of the controller for each of these controllers is listed in Table 5.4. Considering
that each Newton iteration takes about 7 × 10−5 s to be solved, the MLAVR can be considered a heavy
controller. Each controller is used for simulation with all three methods of SRM, IBM, and LIBM to
compare the results in terms of accuracy and performance. 20ms and 4ms are considered for the sampling
time of the governor and all AVRs, respectively.
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Table 5.4: Average controller calling time for EQAVR, FAVR, and MLAVR

Controller Average call time (s)

EQAVR 2.78e-06
FAVR 1.72e-04
MLAVR 3.7e-03

A short circuit, applied to bus 2 for 100 ms, is simulated for all three methods and all three variations
of the AVR controller. The controller output for EQAVR, FAVR, and MLAVR, simulated with all three
methods, is illustrated in Figs. 5.14, 5.15, and 5.16, respectively. Furthermore, the voltage of bus 1 for
all three controllers EQAVR, FAVR, and MLAVR is depicted in Figs. 5.17, 5.18, and 5.19, respectively.
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Figure 5.14: Output of the EQAVR using all three methods of SRM, IBM, and LIBM
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Figure 5.15: Output of the FAVR using all three methods of SRM, IBM, and LIBM
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Figure 5.16: Output of the MLAVR using all three methods of SRM, IBM, and LIBM

91



0 5 10 15 20
Time (s)

0.6

0.7

0.8

0.9

1

1.1
B

us
 1

 v
ol

ta
ge

 (
pe

r 
un

it)

SRM
IBM
LIBM

Figure 5.17: Voltage of bus 1 with the EQAVR using all three methods of SRM, IBM, and LIBM
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Figure 5.18: Voltage of bus 1 with the FAVR using all three methods of SRM, IBM, and LIBM
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Figure 5.19: Voltage of bus 1 with the MLAVR using all three methods of SRM, IBM, and LIBM

The performance results in terms of the average of 10 runs for each simulation are listed in Table 5.5.
The first row of the table shows that the runtime forMLAVR simulation using SRM is almost twice as that
of the simulation of EQAVR and FAVR using the same method. However, this performance drop is more
significant for IBM and LIBM, since controller calling is the heaviest computation for these methods.
This can be deduced from Figs. 5.20, 5.21, and 5.22 that show the step size results for the simulation of
EQAVR, FAVR, and MLAVR, respectively, using all three methods. In other words, although IBM still
manages to take the maximum step size allowed for most of the simulation time of MLAVR, the run time
decreases significantly due to the long time and numerous controller calls.

Table 5.5: Average runtime of the simulation of each controller and method in seconds.

EQAVR (s) FAVR (s) MLAVR (s)

SRM 23.90 24.80 42.91
IBM 0.48 4.00 56.93
LIBM 0.36 2.34 34.46
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Figure 5.20: Step size results for the simulation of EQAVR using all three methods of SRM, IBM, LIBM
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Figure 5.21: Step size results for the simulation of FAVR using all three methods of SRM, IBM, LIBM
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Figure 5.22: Step size results for the simulation of MLAVR using all three methods of SRM, IBM, LIBM

The main challenge is that IBM, which is many times faster than SRM for the simulation of EQAVR
and FAVR, becomes 14 s slower than SRM for the simulation of MLAVR. However, LIBM is still 8 s
faster than SRM because of fewer controller calls and solving smaller systems. It should be noted that
this increase in performance is not significant for other controllers, so, in the case of normal controllers,
IBM would still be the better choice, ensuring better accuracy.

The number of Newton iterations required for the simulation of each controller using each method
is shown in Table 5.6. As can be seen, fewer Newton iterations are needed to solve the MLAVR system,
which supports the fact that the number of controller calls leads to a performance drop. It can be seen
that using LIBM leads to an increase in the number of Newton iterations since the Jacobian updates were
done once per time step. Nevertheless, LIBM is faster due to a reduced number of controller calls and
lower computation volume in each Newton iteration.

Table 5.6: Number of Newton iterations for the simulation of each controller and method.

EQAVR FAVR MLAVR

SRM 54604 55136 54504
IBM 551 585 520
LIBM 554 598 522

5.3 Moved-Jacobian IBM

In this section, another novel method for handling the time events caused by the action of digital con-
trollers in power systems is proposed. The method is similar to IBM but with a new structural design.
The idea is to move the Jacobian formation to the controller’s input instead of its output, which was im-
plemented in IBM. The new method also allows integration within large time steps, without reducing it.
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The highlights of the proposed method are as follows:

• Proposing a new design of IBM for the simulation of digital controllers in dynamic studies of power
systems.

• In contrast to IBM, there is no element of the controller in the solver.

• The new method considers the controllers with the same input and sampling rate as one controller.
Therefore, the performance is expected to increase for such settings in a system.

5.3.1 Formulation

It is assumed that, other than extended state variables that aremoved from the controller output to its input,
the integration method, convergence test, and time step selection schemes are similar to IBM. To discuss
the formulation of the moved-Jacobian interpolation-based method (MJIBM), let’s once more consider
the continuous system under control by a digital controller as described using equations the following
equations for the continuous system:

ẏ(t) = f(y(t), e(t))

y(0) = y0, e(0) = e0
(5.5)

and the digital controller:
ek = ζ(ek−1,y(kT )) (5.6)

where the objective is to find the solution yn at time tn using the integration method chosen over the time
step hn = tn − tn−1. The residual function g to be solved for that purpose is as follows:

g(yn, en,pn) = 0 (5.7)

We need a set of initial values (an initial guess for each iteration) and the controller’s signal for each time
step. In the case of the first iteration, the initial guess is the predictor’s output, while for the next iterations,
the result of the previous iterations can be used. The latest controller’s output value, however, depends on
the previous ones and the state variables’ values yn,g in their intermediate time step (controller sampling
times) tn,g as given by:

en,1 = ζ(en,0,yn,1, tn,1)

...

en,g = ζ(en,g−1,yn,g, tn,g)

...

en,pn = ζ(en,pn−1 ,yn,pn , tn,pn)

(5.8)
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A rough estimation of intermediate state variables yn,g can be found using a polynomial interpolator
function wn like the following:

yn,g =wn(tn,g) = yn−1 + hn,gẏn−1

+
h2n,g
h2n

(yn − yn−1 − hnẏn−1)
(5.9)

which is a second-order Taylor expansion function similar to IBM. Instead of including the controller’s
outputs in the solver and updating them in each Newton iteration (IBM), the controller inputs are included
in the solver alternatively. In other words, instead of extending the problem with controller outputs, we
move the extended part of the problem to the controller inputs and form the Jacobian in that position
(moved Jacobian).

To do so, a new state variable vector zn is defined:

zn =

[
zn,1

zn,2

]
(5.10)

with:
zn,1 = yn (5.11)

zn,2 =
[
xn,1 xn,2 . . . xn,g . . . xn,pn

]T
(5.12)

where xn,g is a subset of yn,g that the controller has under monitor (the feedback). For example, in the
case of a simple generator’s exciter, it would be the generator’s terminal voltage. This is a crucial point
to be noted since in the case of large-scale systems, including all the state variables for each sampling
time leads to solving an enormous size of Jacobian in each iteration, many times bigger than the size of
the system itself. It can be noted that the first part of the state variable vector, called zn,1 is identical to
IBM, while the extended part zn,2 is expanded based on the controller’s input.

For the new state variable vector defined, a new residual vector is considered:

g̃ =

[
g̃1

g̃2

]
(5.13)

with:
g̃1(zn) = g(yn, en,pn) (5.14)

g̃2(zn) =


xs
n,1 − xw

n,1

...

xs
n,g − xw

n,g

...

xs
n,pn − xw

n,pn

 (5.15)

where superscripts s and w mean x is the output result of the solver and the interpolator, respectively.
Contrary to IBM, the interpolated values xw

n,g are only used to form the residual vector and not for the
computation of the controller’s output. Instead, the solver’s output xs

n,g is replaced in (5.8) sequentially

97



until en,pn is calculated to be fed to the system’s equations for the next iteration. In other words, instead
of solving an iteration to find the controller output, it finds and updates the value for its input, which is
used to update and find the new output.

Now them-th Newton iteration to be solved is:

J (m)
n (z(m+1)

n − z(m)
n ) = −g̃(z(m)

n ) (5.16)

that results in new values for the system’s state variables zn,1 and the system’s state variables under
monitoring by the controller for each intermediate step zn,2. Also, J

(m)
n is the Jacobian matrix of the

extended system at them-th Newton iteration, given by:

J (m)
n =

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

∂g̃2
∂zn,1

∂g̃2
∂zn,2

]
(5.17)

Since the computation of J (m)
n can be extremely complex, a simplified Jacobian is considered:

J (m)
n =

[
∂g̃1
∂zn,1

∂g̃1
∂zn,2

≈ 0
∂g̃2
∂zn,1

≈ 0 ∂g̃2
∂zn,2

≈ Ipn

]
(5.18)

In comparison to IBM, it can be noted that the extended part of the Jacobian is moved from the
controller’s outputs to its inputs. Contrary to IBM, it can be seen that absolutely no element of the
controller is involved in the Jacobian formation; all the state variables in the extended vector are coming
from the system’s equations via an interpolation polynomial, only at different points in time. From the
viewpoint of the solver, no controller is seen in the system, but as an input to the system’s equations. Even
in the case of using the continuous equivalent model of the controllers in traditional common methods,
the controllers’ differential-algebraic equations are integrated alongside the system’s equations. This
means, similar to IBM and in a more suitable way, even non-equation-based digital controllers can be
numerically included and solved without any step size reductions using the proposed method.

The flowchart of MJIBM for one time step is presented in Fig. 5.23
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Figure 5.23: Flowchart of the moved Jacobian interpolation-based method for one time step. The blue
blocks have the interpolation functions, the red blocks are related to controller computations, and the gray
blocks are part of the continuous solver.
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5.3.2 Simulation results

In this section, three test systems are considered to assess the accuracy and performance of MJIBM in
comparison with the SRM and IBM:

• The two-state system under control by a single integral controller.

• The two-state system under control by multiple integral controllers.

• The kundur system.

5.3.2.1 Single integral controller

In this section, a test system containing two differential equations under the control of a single integral
controller is considered.

The simulation results for MJIBM in comparison with IBM and SRM are illustrated in Figs. 5.24 and
5.25 for the stable and unstable systems, respectively. In terms of accuracy, as is visible, no difference
can be detected between the solution trajectories obtained with all 3 methods.
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Figure 5.24: Output results for the stable system with one integral controller for all three methods,
MJIBM, IBM, and SRM
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Figure 5.25: Output results for the unstable system with one integral controller for all three methods,
MJIBM, IBM, and SRM

The number of Newton iterations required to solve the system is used as a criterion to assess the
performance of the proposed method. These numbers are summarized in Table 5.7. It can be seen that
MJIBM is slightly faster than IBM, and consequently, significantly faster than SRM for both stable and
unstable scenarios. Since the step sizes taken by MJIBM and IBM are almost the same, as shown in
Fig. 5.26 and Fig. 5.27.

Table 5.7: Performance comparison between MJIBM, IBM, and SRM for a system containing one
Integral controller in terms of the number of Newton iterations

System parameters SRM IBM MJIBM

Stable case 5473 1133 1031
Unstable case 5333 2403 2372
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Figure 5.26: Step size results for the simulation of the stable system with the integral controller using all
three methods, MJIBM, IBM, and SRM
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Figure 5.27: Step size results for the simulation of the unstable system with the integral controller using
all three methods, MJIBM, IBM, and SRM

5.3.2.2 Multiple integral controllers

In this section, the same continuous system under control by three integral controllers is considered as
illustrated in Fig. 5.28. It is assumed that the controllers have a similar sampling rate T equal to 1
ms. Therefore, their input is the same for all the samplings. The aim of this study is to showcase the
performance increase happening for MJIBM compared to IBM when multiple controllers have the same
inputs. The reason is that MJIBM extends the state variable once for all the identical inputs, while IBM
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adds 3 since the outputs are different due to different parameters of the controllers. For example, the
gains of controllers are considered equal to 0.05, 0.06, and 0.07 in this case.
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system
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-

A/D

y(t)

y(kT )

u(kT ) ek e(t)
A/D

u(t)
+

Digital
controller 1

Digital
controller 3

Figure 5.28: A scheme of a continuous system under control by 3 digital controllers

The results using all three methods are depicted in Fig. 5.29 and Fig. 5.30 for stable and unstable
systems, for 265 s of simulation. The elongated simulation time highlights the performance gap between
the methods more vividly. It can be seen that IBM and MJIBM have similar accuracy.
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Figure 5.29: Output results for the stable system with three integral controllers for all three methods,
MJIBM, IBM, and SRM

103



0 50 100 150 200 250
Time (s)

0

0.2

0.4

0.6

0.8

1

1.2
y 2

SRM
IBM
MJIBM

Figure 5.30: Output results for the unstable system with three integral controller for all three methods,
MJIBM, IBM, and SRM

The average runtime for IBM and MJIBM is summarized in Table 5.8. It can be seen that MJIBM is
more than 20 percent faster than IBM since it solves a smaller system in each Newton iteration. Finally,
the step size results for the stable and unstable cases are depicted in Fig. 5.31 and Fig. 5.32, respectively,
showing similar time stepping once again.

Table 5.8: Performance comparison between MJIBM and IBM for a system containing three integral
controllers in terms of the runtime

System parameters IBM MJIBM

Stable case 0.89 s 0.64 s
Unstable case 1.54 s 1.25 s
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Figure 5.31: Step size results for the simulation of the stable system with three integral controllers using
all three methods, MJIBM, IBM, and SRM
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Figure 5.32: Step size results for the simulation of the unstable system with three integral controllers
using all three methods, MJIBM, IBM, and SRM

5.3.2.3 Kundur system

Here, we consider the Kundur system with 8 digital controllers, one digital AVR, and one governor for
each synchronous generator. The sampling times of digital governors and digital exciters for generators
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1 to 4 are considered 210, 220, 230, 240, and 41, 42, 43, 44 ms, respectively.

We consider a step change reduction in the active power consumption of the load on bus 7 ∆P7 =

−300MW at t = 1 s, which is restored at t = 12 s. The bus 1, 4, and 9 voltages, speed deviation, AVR,
and governor signal of generators are illustrated in Figs. 5.33, 5.34, 5.35, and 5.36, respectively. It is
shown that the simulated results are almost identical.

0 5 10 15 20 25 30
Time (s)

0.99

1

1.01

1.02

1.03

1.04

1.05

V
ol

ta
ge

 (
Pe

r 
un

it)

V
1
 SRM

V
4
 SRM

V
9
 SRM

V
1
 IBM

V
4
 IBM

V
9
 IBM

V
1
 MJIBM

V
4
 MJIBM

V
9
 MJIBM

Figure 5.33: Bus 1, 4, and 9 voltage magnitude of the Kundur system simulated using all three methods,
MJIBM, IBM, and SRM
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Figure 5.34: Speed deviation of the generators of the Kundur system simulated using all three methods,
MJIBM, IBM, and SRM
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Figure 5.35: The output signal of the digital excitation system of the generators of the Kundur system
simulated using all three methods, MJIBM, IBM, and SRM
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Figure 5.36: Output of the digital governor of the generators of the Kundur system simulated using all
three methods, MJIBM, IBM, and SRM

The performance of MJIBM is compared using the number of Newton iterations and the execution
time required to solve the Kundur test network, and the results are summarized in Table 5.9. It should
be noted that all the run times reported are the average time of 5 runs. Again, it can be seen that IBM is
much faster than SRM (about 12 times), as justified by the time-step size shown in Fig. 5.37. Additionally,
MJIBM outperforms IBM in both runtime and Newton iterations, as it is able to reach the maximum time
step size limit and maintain it for the remainder of the simulation, whereas IBM generates more error
estimates, which often necessitate reducing the step size. This leads to MJIBM being about 18 percent
faster than IBM.

Table 5.9: Performance comparison between IBM and SRM for Kundur test system

Method Number of Newton iterations Run time (s)

SRM 13598 45.4
IBM 642 2.41

MJIBM 461 1.98
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Figure 5.37: Step size results for Kundur system simulation using all three methods, MJIBM, IBM, and
SRM

5.4 Summary

In this chapter, extensions and modifications introduced to IBM were discussed to make it suitable for
different applications. The highlights can be listed as follows:

• The traditional simplified simulation method loses accuracy facing multiple fast digital controllers
since it cannot shift more than one event per controller per time step to the end of the time step.

• The simplified IBM was proposed for simplified simulation of digital controllers, which is able
to shift all the controllers to the end of the time step. It also utilizes interpolation to have a good
estimate of the feedback coming from the system, leading to an accuracy improvement (see Fig.
5.8).

• IBM struggles to simulate systems with computationally demanding controllers. The reason is that
IBM relies on calling the controllers many more times compared to SRM.

• The light version of IBMwas proposed, which is able to handle computationally demanding digital
controllers faster than both SRM and IBM. This is possible by reducing the size of the system to be
solved at each time step by extending the state variables vector only for the last output, and calling
the controller only once per time step per sampling.

• Consequently, LIBM is able to simulate systems with computationally heavy controllers faster than
both SRM and IBM by 20 and 40 percent, respectively (see Table 5.5).

Also, the moved-Jacobian IBM was proposed that extends the state variables vector based on the
controller inputs instead of its outputs. The highlights of MJIBM can be listed as follows:

• MJIBM forms the extended part of the state variables vector on the controller inputs instead of its

109



outputs. This means that no new type of variable is introduced to the solver. In other words, the
same variables are added to the vector only at different points in time. It was shown that MJIBM
is about 18 percent faster than IBM (see Table 5.9).

• MJIBM solves a smaller system compared to IBM if the controllers have the same inputs, while
IBM always extends the state variables vector by unique controller outputs. It was shown that for
such a system, MJIBM is at least about 19 percent faster than IBM (see Table 5.8).

• No element of controllers is included in the solver since the controller inputs are the continuous
system’s state variables only at different points in time.
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6 Modelica Implementation of IBM

Modelica is a powerful open-access tool for modeling and simulating the dynamics of systems governed
by differential-algebraic equations (DAEs). It is an object-oriented, equation-based programming lan-
guage that facilitates acausal modeling, supporting ease of use and the reuse of components [66]. Like
many other simulation environments, Modelica typically employs the step reduction method (SRM) to
handle discontinuities [16]. While SRM is sufficiently fast for systems with only a few discontinuities, its
performance degrades significantly in scenarios involving numerous discontinuities, such as systems in-
corporating multiple digital controllers. In such cases, integrating the interpolation-based method (IBM)
into Modelica could enhance computational efficiency while preserving the advantages of the Modelica
language.

However, it would be challenging since implementing IBM requires significant modifications to the
solver, from time stepping to Jacobian computation. This section proposes a fixed-step IBM implemen-
tation using Modelica for the dynamic simulation of systems containing digital controllers. The method
is devised in a way that all the changes required are implemented in the controller block without the need
to modify the solver. Therefore, the remainder of the system remains the same as before, and the user
only needs to replace the controller with its IBM equivalent.

6.1 Interpolation

Fig. 6.1 shows the two-state system under control by an integral controller. The goal is to build the IBM
version of the same system as illustrated in Fig. 6.2, where the interpolation and the extended variables,
i.e., the controller outputs at the sampling points of time, are defined in the IBM block of the controller.
In this way, only the controller and the sampler are replaced with the IBM controller, while the remaining
system and simulation environment are the same.

step

startTime=…

-
feedback

stateSpace

A B
C D

sampler integrator

I

k=0.07

Figure 6.1: A continuous system under control by a digital integral controller modeled in Modelica

111



step

startTime=0 s

stateSpace

A B
C D

IBM
Integral

Controller

Figure 6.2: A continuous system under control by the IBM version of digital integral controller modeled
in Modelica

To do so, the first challenge to tackle is the interpolation formula implementation. As an example,
let’s assume a first-order interpolator as follows:

y(m)
n,g = w(m)

n (tn,g) = hn,gẏn−1 + yn−1 (6.1)

where hn,g = tn,g − tn−1 is the step of the g-th sample within the time step hn from the beginning
of the time step. As evident, the feedback from the system and its derivative ẏn−1 are required for the
interpolation function.

There are two approaches to provide the derivation of the feedback variables to the controller. In the
first approach, a derivative block can be placed between the feedback and the controller input. Therefore,
the controller inputs will double by the number of its inputs. In this approach, the feedback from the
system is connected directly to the IBM controller as well as its derivative, which will be computed
outside of the controller block. This approach calls for rewiring and adding derivative blocks to the
system design.

The second approach performs the derivative computation inside the controller block using a differ-
entiation formula, removing the need for rewiring the system blocks. In this path, the derivative of the
inputs will be built inside the controller block using the following formula:

ẏn =
yn − yn−1

hn
(6.2)

The issue with this approach is that the accuracy of the derivative provided is limited to the size
of the time step taken. This approach is, however, simpler to implement since the calculations happen
inside the controller block. Therefore, the rest of the system remains intact while choosing to use IBM.
Nevertheless, the accuracy of the derivatives can always be enhanced by adjusting the fixed time step
size.

Finally, it should be noticed that an IBM equivalent of the digital controller doesn’t have the sampler.
This means that the solver will see the system as a continuous system. In other words, no time events are
imposed by the IBM controller.
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6.2 Time stepping

As mentioned, the overall system with the IBM controller replaced the digital controller will be seen as
a continuous system by the solver. Therefore, there is a need for fake events to pause the solver and
compute the interpolations, and add the controller outputs as the state variables. These fake events act
as the fixed time steps that provide a chance to run an algorithm of feedback derivative computation,
counting the number of controller sampling actions, running the interpolation calculation, and adding the
extended state variables.

The time step size can be chosen by the user by modifying the parameter of a Clock function. It
should be noted that there is no need for the user to select a time step size that is an integer multiple of the
controller sampling rate to make sure the time step lands on the samplings. Employing a ZOH approach,
the output of the controllers remains constant between the samplings.

Time events forced on the solver are different from the time events imposed by the digital controller.
For example, simulating a digital controller with sampling time T = 10 ms using SRM will impose time
events every 10 ms. On the other hand, with the IBM controller, the only time event happens at the time
step. In other words, the IBM version of the controller is handled as a continuous model, and no time
events are created in between the time steps because of the controller’s discrete nature. Therefore, the
solver stops only at the fixed time steps specified by the user.

After a fake event caused by the clock function imposed, first, the derivative of the feedback will
be calculated. Then, using auxiliary discrete variables, the number of sampling actions falling inside the
fixed time step for the controller will be counted. Now, the interpolation formula will be executed, and
its output will be used to compute the controller outputs at sampling times inside the time step. These
outputs can be saved in a new vector of variables that will be extended (automatically by the solver)
to the previous system state variables. Since the size of this vector must be defined before running the
algorithm, an oversized array can be defined to have enough space to save all the controller outputs. This
can be estimated since both the time steps and the controller sampling rate are fixed.

In case of having multiple controllers, it should be noted that all the clocks in all the controller blocks
must be synchronised, otherwise each one imposes a different size of fixed time step, which limits the
time step overall. This may cause accuracy loss and limit the scalability of the approach if the difference
between controller sampling rates is relatively large. The reason is that a controller might have a large
number of samplings falling in one time step, while the other ones have only a few.

6.3 IBM-Modelica implementation

Based on the technicalities discussed previously, the IBMversion of the integral controller can bemodeled
as the following listing:

Listing 6.1: The IBM-Modelica implementation of the digital integral controller
1 Clock c1=Clock(1,20);
2 algorithm
3 when Clock(c1,"ImplicitTrapezoid") then
4 i:=0;
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5 prett:=pre(tt);
6 ttfloor:=floor(tt/T);
7 prettfloor:=floor(prett/T);
8 ttfloordiff:=ttfloor - prettfloor;
9 ydot=y-pre(y)/tt-pre(tt)
10 while i < ttfloordiff loop
11 i:=i + 1;
12 w:=(prettfloor*T+i*T-prett)*pre(ydot)+pre(y)+
13 ((prettfloor*T+i*T-prett)^2/(tt-prett)^2)*(y-pre(y)-(tt-prett)*pre(ydot));
14 e:=e + Ki*T*(u - w);
15 earray[1,i]:=e;
16 if i==ttfloordiff then
17 earray[1,maxstep]:=earray[1,i];
18 end if;
19 end while;
20 equation
21 z2=earray[1,maxstep];

The first and third lines of the code impose the time events at fixed time steps to provide the oppor-
tunity to run the algorithm containing the IBM approach. The variable tt holds the value of time tn at
each time step. Therefore, the fifth line defines the previous time step tn−1. Lines 6 to 8 have the duty
of making auxiliary variables for counting the number of controller samples in the time step to set the
number of times the loop has to repeat. Depending on the fixed time step size, there may be a different
number of controller actions in each time step. The 9th line computes the derivative of the feedback.

Line 12 accounts for a second-order interpolation function of the feedback from the dynamical system
at the sampling points of the controller, where ydot and y address the derivative of the feedback and the
feedback itself, respectively. As can be noted from the code, the size of hn,g is considered a variable
that depends on the number of samplings that fall into the time step. Line 13 has the integral controller
equation, and the next line saves the calculated controller output in an array, which represents zn,2 defined
in (4.14).

It should be noted that the size of the array earray defined by the parameter maxstep for saving
the controller outputs is larger than it needs to be, since it relieves the user from modifying it every time
based on the sampling rate of the controller and fixed time step. Therefore, lines 15 to 17 have the task of
saving the last controller output in the last cell of the array to be fed to the output of the controller block
using line 20. In this approach, the user can actually use any solver with any settings, and the code itself
forces the time events to the solver at the times required and runs the IBM algorithm.

6.4 Simulation results

In this section, two test cases are used to showcase the accuracy and performance of the IBM implemen-
tation in Modelica versus the regular Modelica modeling of the digital controller:

1. An integral controller controlling a state space system with two ordinary differential equations
(ODE).
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2. A single-machine infinite-bus (SMIB) system under control by digital excitation and digital gov-
ernor systems.

6.4.1 Integral controller

For the first test system, a continuous state-space system represented by the following set of ODEs is
considered: [

ẏ1

ẏ2

]
︸ ︷︷ ︸

ẏ

=

[
a b

−b 0

]
︸ ︷︷ ︸

A

[
y1

y2

]
︸ ︷︷ ︸

y

+

[
−b
0

]
︸ ︷︷ ︸

B

e(t) (6.3)

where an integral controller is used to put the system under control:

ek = ek−1 +KIT (u(kT )− y2(kT )) (6.4)

where it has the gain ofKI = 0.07 and sampling time of T = 0.01 s. The schematic of the test system is
sketched in Fig. 6.1. The Modelica-IBM equivalent of the system can be modeled as shown in Fig. 6.2.
The results of the simulation of both systems for the second output of the continuous state-space system
using the RK2 solver are shown in Fig. 6.3.
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Time (s)
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Figure 6.3: Simulation results for regular Modelica modeling and IBM-Modelica modeling of y2 using
the RK2 solver

The CPU runtime for the simulation of both controller models using the RK2 solver is listed in
Table. 6.1. The fixed time-step for the IBM-Modelica simulation is considered 0.05 s. The fixed time
step size for the regular Modelica controller model is limited to 0.01 s, which is equal to the controller
sampling rate. It can be seen that IBM-Modelica is 3 times faster than regular Modelica modeling.
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Table 6.1: Test System 1: Performance results using the RK2 solver

Model CPU Runtime (s)
Modelica 0.022

IBM-Modelica 0.007

The same simulation is performed again, this time with the variable step solver Dassl with the default
settings. The accuracy is the same as before, as can be deducted from Fig. 6.4. The performance results
are listed in Table. 6.2. As can be seen, solving the regular Modelica system with the Dassl solver is
significantly slower compared to RK2. The reason is that the solver is constantly trying to reduce the
time steps to land on the time events of the controller, while it wasn’t the case for the RK2 solver since
the fixed time steps were chosen to land perfectly on the controller samplings. However, the same solver
has great performance results for the IBM-Modelica model.

Table 6.2: Test system 1: performance results using the Dassl solver

Model CPU Runtime (s)
Modelica 0.16

IBM-Modelica 0.005
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Figure 6.4: Simulation results for regular Modelica modeling and IBM-Modelica modeling of y2 using
the Dassl solver

6.4.2 SMIB

For the second test system, a fourth-order synchronous generator connected to an infinite bus is considered
as illustrated in Fig. 6.5. The open-source library OpenIPSL, developed using the Modelica language for
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power system dynamic studies, is utilized to construct the test system [67]. The generator is under control
by a digital AVR and a digital governor, both having a sampling rate equal to 1 ms. The same system
with IBM modeling is shown in Fig. 6.6. It should be noted that the output of the digital AVR first goes
to an exciter (continuous device), modeled by a first-order block, and then to the generator.
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Figure 6.5: The schematics of the SMIB test system modeled in Modelica
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Figure 6.6: The schematics of the SMIB test system with IBM controllers modeled in Modelica

The simulation is performed using the Dassl solver, and the generator voltage, AVR output, and
governor output are depicted in Figs. 6.7, 6.8, and 6.9, respectively. As shown, the dynamic response is
identical for both models.
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Figure 6.7: Generator voltage output results for both models
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Figure 6.8: AVR output results for both models
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Figure 6.9: Governor output results for both models

The number of controller samples falling within each time step during the simulation is shown in
Fig. 6.10. This emphasizes the fact that the user doesn’t need to satisfy any condition for choosing the
time step size.
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Figure 6.10: Number of Sampling actions of the governor in each fixed time step
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The performance results of the simulation of the SMIB system are summarized in Table. 6.3. As can
be seen, the IBM-Modelica system is solved almost 3 times faster.

Table 6.3: Test System 2: Performance results using the Dassl solver

Model Step size (s) CPU Runtime (s)
Modelica 0.001 0.39

IBM-Modelica 0.0125 0.151

6.5 Summary

In this chapter, an IBM-based Modelica implementation is proposed for the fast and accurate simulation
of systemswith digital controllers. Two case studies were used to showcase the accuracy and performance
of the method compared to regular Modelica modeling. It was shown that the IBM-Modelica method has
similar accuracy to the regular Modelica modeling, while the performance increases.

The method is designed in a way that the user only needs to replace the digital controller and the
sampler with their IBM equivalent, and no further changes are needed. Also, the user is able to choose
any fixed time step, whether they land on the controller samplings or not, by altering the clock parameter
inside the controller block.
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7 Summary of Findings

7.1 Summary of work and main contributions

In this work, the integration of digital controllers in time-domain power system dynamic simulations and
the challenges that may arise are discussed. Also, a range of novel methods for the dynamic simulation of
power systems with multiple digital controllers capable of tackling their challenges has been proposed.

First, different approaches to modeling and simulation of digital controllers were discussed. The
impact of continuous and discrete modeling of controllers in power system dynamic simulations on accu-
racy and performance was demonstrated using case studies. It was shown how the simulation of a system
with multiple digital controllers limits the time step, leading to a performance drop and a slow simulation.

Then, the conventional methods capable of simulating power systems alongside the digital con-
trollers have been reviewed. The analysis revealed that the step reduction method becomes very slow
when facing systems with multiple digital controllers. For instance, simulating the kundur system with
8 digital controllers was 80 percent slower than simulating it with continuous equivalent controllers (see
Table 4.9). Also, simplified simulations fail in accuracy while facing multiple with relatively fast sam-
pling rates. Analog treatment of controllers also suffers from accuracy loss, and it is not able to simulate
smart modern controllers, as they cannot be modeled with conventional differential-algebraic equations.

The proposed interpolation-based method (IBM) stands between the step-reduction method and the
simplified simulation approach, having a fast yet accurate response. This was achieved by taking large
time steps and including the controller outputs in the Newton solver loop, thanks to an interpolation
function that estimates the controller inputs at each sampling time of the controller. Multiple case studies
were introduced to test the proposed method and compare it against the traditional approaches. For
instance, a 16 times faster performance compared to SRM was noticed while simulating the modified
Kundur system with 9 digital controllers.

A decoupled version of IBM was developed that solves the controller equations and the system’s
DAE separately, and uses the results of each process for the other. It was demonstrated that simulating
the test system using DIBM leads to a 7 percent performance enhancement compared to IBM with the
most simplified Jacobian.

Although effective for normal digital controllers, it was discussed that IBM may have a slow per-
formance compared to SRM in the case of simulation computationally demanding controllers, as it relies
on calling the controllers many more times. For instance, IBM was 14 s slower than SRM simulating a
3-bus system with a computationally heavy controller included. Thus, LIBM was proposed, appropriate
for the simulation of systems containing such controllers. The light IBM approach updates the controller
output only at the first Newton iteration and includes only the last controller output found in the time step
in each extended state variable vector. This led to 12 s faster performance compared to IBM simulating
the same system.

In addition, a novel simplified simulation method (SIBM) suitable for the simulation of power sys-
tems with fast digital controllers has also been proposed. To cover the accuracy loss of the traditional
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simplified simulation approach (SSM) in the case of controllers with fast sampling rates, the proposed
simplified approach uses an interpolation function to estimate the controller inputs at the sampling points
in time, and computes the outputs recursively as they depend on the previous one. It was shown that
SIBM is faster than both IBM and SSM by about 53 and 13 percent, respectively, while maintaining
better accuracy than SSM.

Another version of IBM has also been proposed, extending the state variable vector by the controller
inputs instead of its outputs. This approach has advantages such as not introducing any new type of
variable to the solver, and reducing the number of controllers from the solver’s perspective if they have
the same input. Due to these advantages, it was shown that MJIBM was faster than IBM by 18 percent
while simulating the Kundur system.

Finally, a fixed-step implementation of IBM using Modelica has been proposed, making it reachable
to others. The approach has been devised in a way that the least modifications are needed to the system
design. Only the controllers need to be replaced with their IBM equivalents, and all the extra computa-
tions are imposed on the solver without manipulating it. Case studies revealed that simulating the IBM
implementation of the controller in Modelica leads to 3 times faster performance for a system with just
one integral controller.

7.2 Future work

The presented methods may be expanded and further improved along the following paths:

• IBM can be tested for large-scale simulations to evaluate further and verify the method’s accuracy
and performance. In this case, limitations may need to be imposed on the method, such as limiting
the time step size allowed to be taken by the solver to limit the number of events falling in each
time step. In a large-scale simulation with numerous digital controllers, too many events arising in
large time steps may impact accuracy.

• The performance and accuracy of SIBM facing computationally demanding controllers can be eval-
uated. A comparison between SIBM and LIBM in terms of accuracy and performance facing com-
putationally demanding controllers may be interesting.

• A hybrid SRM-IBM approach can be investigated to achieve a comprehensive solution for dy-
namic simulation of power systems containing both normal digital controllers and computationally
demanding ones. The normal controllers can be treated using IBM, while the heavy controllers can
be handled by SRM.

• The Modelica implementation of IBM can be expanded to a variable time step approach. This
can be achieved by implementing a time-dependent varying clock function that imposes events
according to the variable in size time steps taken by the solver. As a suggestion, the clock must
act based on a variable that becomes true at each variable time step taken by the solver, instead
of imposing fixed time steps on the solver as it is now. This provides the opportunity for extra
computations to be carried out in the halts forced by the variable in fake time events.

• The family of the proposed methods can be extended to the EMT simulations of systems with
discrete time events for broader applications, catching the transients in different time scales faster.
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• Hardware-in-the-loop simulation can be conducted using the proposed methods for validation of
the simulation results, and identifying the real-world applications and challenges.
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APPENDIX I

Reference equations and parameters

In this section, the equations and parameters used for the case studies of the thesis are attached.

I.1 Synchronous generator

The DAEs of the second-order synchronous machine, including the motion equations (fourth order in
total), are formulated below [61].

• Differential equations:

˙∆ωr =
1

2H
(Tm − Te −KD∆ωr) (I.1)

δ̇ = ω0∆ωr (I.2)
1

ωN
ψ̇f = vf −Rf if (I.3)

1

ωN

˙ψq1 = −Rq1iq1 (I.4)

• Algebraic equations:

0 = ψd − Lddid − Ldf if (I.5)

0 = ψq − Lqqiq − Lqq1iq1 (I.6)

0 = ψf − Lff if − Ldf id (I.7)

0 = ψq1 − Lqq1iq − Lq1q1iq1 (I.8)

0 = vd +Raid + ψq (I.9)

0 = vq +Raiq − ψd (I.10)

0 = vd − cos θorvx − sin θorvy (I.11)

0 = vq − sin θorvx + cos θorvy (I.12)

0 = id − cos θorix − sin θoriy (I.13)

0 = iq − sin θorix + cos θoriy (I.14)

I.2 Controllers

The schematic of the AVR and the governor controlling the synchronous machine, and the POD controller
is presented in Fig. I.1, Fig. I.2, and Fig. I.3, respectively. In addition, the values for the parameters of
the exciter, the governor, and the POD controller are summarized in Table I.1, Table I.2, and Table I.3,
respectively. Finally, the fuzzy AVR schematic is illustrated in Fig. I.4.
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Table I.1: Parameter values for the AVR

Parameter TSM Kp Ki Ge Te Kf Tf

Value 0.2 0.003 0.004 1 0.12 0.8 0.9

Table I.2: Parameter values for the governor

Parameter Kp Ki T1

Value 12 0.2 0.3

Table I.3: Parameter values for the POD controller

Parameter kd Tf

Value 8 0.1
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APPENDIX II

Discrete controller handling GitHub repository

In this section a general guidance on how to use the GitHub repository of discrete controller handling 1

is provided.

On the main page of the repository, 6 folders can be found, each containing the code files of each
published paper as shown in Fig. II.1.

Figure II.1: Main page of the discrete controller handling GitHub repository

Except for the OSMSES 2024 folder, which has Modelica file simulations, MATLAB 2021 [59] is
used for all the other simulation files.

Each case studies of papers are also organized in a separate folder. For example, 3 folders can be
found for the SEGAN 2025 paper as shown in Fig. II.2.

Figure II.2: Case studies of the SEGAN 2025 paper organized in three folders

Inside each case study folder, there are different files, each for a different method solving the same
1https://github.com/SPS-L/Discrete-controller-handling
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test system. For example, Fig. II.3 shows the files for the integral controller case study of the SEGAN 2025
paper.

Figure II.3: Solving method’s files for the integral controller test system of the SEGAN 2025 paper

If the case studies have equation-based controllers only, the user may simply run the code. However,
if there is a fuzzy logic-based controller, first, the controller must be added to the MATLAB workspace.
The fuzzy controllers can be found in the same case study folder as shown in Fig. II.4.

Figure II.4: Solving method’s files and extra controller files of the Kundur test system of the SEGAN
2025 paper

The same logic stated above applies to other simulations, too. In addition, the user may refer to the
Readme files of each published paper GitHub folder for the associated settings and more details.
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