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a b s t r a c t

In this work we propose a novel semi-analytical hydro-mechanical framework for modeling sand
production in the context of the hollow cylinder test, based on a kinematic formulation of the
hydro-mechanical models of Vardoulakis et al. (1996) and Papamichos et al. (2001). We aim at the
construction of a simple and useful tool which allows for quick estimates of the relevant quantities
and can be efficiently used to study different forms of the postulated laws regarding the mechanics,
hydrodynamics and degradation of the rock. In particular, this framework can be used to systematically
calibrate the sand production coefficient λ as a function of the external conditions of the experiment,
such as the external stress, which still is a major unknown in the hydro-mechanical modeling of the
erosion process. As a first approximation we restrict ourselves to the case where pressure drawdown
is small compared to the external stress, which is applicable in certain laboratory experiments.
We illustrate the application of the framework by studying the effect of different forms of the
hydrodynamic law, modified in the low porosity regime and the degradation law with respect to
the non-linear dependence of cohesion and friction angle on the porosity. We use this framework to
calibrate the dependence of λ on the external stress using the data of the experiment of Papamichos at
al. (2001). We find that the sand production coefficient exhibits a power law modified by a decreasing
exponential dependence as has been suggested in a recent work by the authors. The model is also
applied in a different sanding experiment with varying external stress and flow rate exhibiting good
agreement with the laboratory dataset.

© 2023 Elsevier Ltd. All rights reserved.
1. Introduction

A significant percentage of the world’s hydrocarbons are
osted in consolidated and unconsolidated sandstone reservoirs
hich are prone to sand production after some time from the
eginning of production. Sand production is the process by which
articles from oil and gas wells are produced together with
ydrocarbons after the particles detach from the host reservoir
ock due to erosion. These particles migrate from the eroded
urface of the rock and carried away from the well’s inner sur-
ace by the produced reservoir fluids. The risk of sand particles
eing produced from weak rock reservoirs is quite high, if the
ressure drawdown is also high. When the erosion process on-
ets, it creates operational problems, elevates the operational
ost-economics of the producing company, creates discontinuous
roduction of hydrocarbons because of expensive workovers,
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as well as health and safety issues. For these reasons, compa-
nies are continuously seeking solutions or invest funds in the
understanding of the mechanisms escalating sand production
in order to mitigate these unwanted problems that eventually
may lead to catastrophic failures. Another significant issue that
arises from solids production is their disposal in the environ-
ment. The particles are contaminated with hydrocarbons and
their cleaning process before dumping them in stockpiles may
become economically unaffordable or spend funds at the order
of billions per annum for preventive measures. In general, sand
production is investigated with models based on field or exper-
imental observations often calibrated by field or laboratory data
to prove their predictive efficiency. Research works on numerical,
analytical and experimental investigations include: Qiu et al.,1
Osisanya,2 Papamichos,3 Rahmati et al.,4 Volonte et al.,5 Ikporo
and Sylvester,6 Wang and Sharma,7 Gravanis et al.,8,9 Gholami et
al.,10 Li et al.,11 Eshiet et al.,12 Fetrati and Pak,13 van den Hoek
et al.,14 Subbiah et al.,15 Sarris et al.,16 Ma et al.,17 Zhang et al18
and Kakonitis et al19

Many researchers have attempted to explain the cause of
sand production. Sanding is attributed to the increase of effective
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Nomenclature

Greek symbols

λ Sand production coefficient
Λ Plastic zone depth
φ Porosity field
φ0 Initial porosity
φ Mean porosity within the plastic zone
Φ Friction angle of the rock
Φ0 Initial friction angle
σr Radial stress
σθ Tangential stress
σout External radial stress
ρs Mass density of the rock

Latin symbols

aD Rate of softening (Eqs. (25) and (26))
aH Exponent in hydrodynamic constitutive

Eq. (24)
C Cohesion of the rock
C0 Initial cohesion
H Height of the hollow cylinder
q Darcy flux
Q Volumetric flow rate
r Radial distance from the cylinder axis
rin Inner radius of the hollow cylinder
rout Outer radius of the hollow cylinder
S0 Uniaxial compressive strength
u Speed of advancement of plastic yield-

ing

stresses from a series of events like (i) the stress redistribution in
the rock due to drilling and perforation activities, with the latter
being the communication between the well and the reservoir,
(ii) high pressure gradient or drawdown when production starts
and (iii) reservoir depletion after few years. The aforementioned
physical processes are responsible for increasing the effective
stresses in the near area of the wellbore creating structural dam-
age of the rock, micro-fractures, and degradation of the rock
formation by reduction of the cohesion and the friction angle.
Therefore, the root cause of sanding can be attributed to (a)
rock formations (unconsolidated or weakly consolidated), (b) type
of bottom hole completion used e.g. cemented and perforated
or barefoot wells, and (c) pressure manipulation strategies for
production maintenance to a desired flow rate.4,20–24

A wide range of modeling approaches have been proposed
o account for sand production. Models based on hydrodynamic
rosion law which may be coupled with mechanical processes
as been proposed by Vardoulakis et al.,25 Stavropoulou et al.,20
apamichos et al.,21 Fjaer et al.,26 Detournay27 and Le Pense.28
urely hydro-dynamical analytical models have also been re-
ently put forward, see e.g. Ref. 29. Given that rock degradation
nd/or failure is regarded as a prerequisite for sanding, the ma-
ority of models with hydro-dynamical and/or mechanical nature
ssociate erosion with localized deformations. For example, the
ormation of shear bands can be regarded as a key phenomenon
nducing sanding, see e.g. Refs. 30, 31. The theory that localized
eformation is one of the reasons of erosion onset has been
lready put forward by Papamichos et al21 relating the onset
nd the rate of the erosion with the local magnitude of plastic

train. Models with primarily mechanical nature based either on

2

tensile or shear failure criteria were proposed in the past by Bratli
and Risnes32 and Morita et al33 but also more recently by Nouri
et al22 Finally, an erosion model based on strength mobilization
was also proposed by Li et al34

The present work is concerned with the formulation of a
simple semi-analytical framework for modeling sand production
based on a hydro-mechanical description of erosion according to
the following assumptions: (i) erosion occurs within the yielded
region of the rock, (ii) erosion is governed by a hydro-dynamical
law, (iii) the rock undergoes softening in the yielded zone ac-
cording to a predefined degradation law. The yield criterion used
is the usually adopted Mohr–Coulomb suit for modeling shear
failure. It is well known, see e.g. Ref. 35, that sanding may not
be directly related to yielding of the rock, but rather related
to the magnitude of strain.36 Nonetheless, the crudeness of our
assumptions is justified by our intention to build an easy to
formulate but effective tool for quick estimates regarding sand
produced, utilizing the symmetry of the hollow cylinder labo-
ratory test. Within the proposed context, one may examine a
wide range of hydro-dynamical erosion and degradation laws,
based on empirical information and conceptual choices, to reach
an effective prediction of sand production of various rock types
at laboratory scale. Moreover, it allows one to calibrate the sand
production coefficient λ, for any given material, for different val-
ues external stress, which is a major unknown in any formulation
of the hydro-mechanical modeling of erosion. This is in fact an
important motivation for the present work.

Specifically, the proposed framework builds on our previous
contribution37 reducing the description of the erosion process in
the progression of the plastic zone depth and the mean porosity
within the zone. The plastic zone depth is determined by equilib-
rium which is used quasi-statically while mean porosity evolves
by an equation deduced from the chosen hydro-dynamical ero-
sion law. We further elaborate on these ideas and apply them
as a framework in modified non-linear degradation and erosion
laws. The degradation law needs also to be employed to ac-
count for the softening of the rock due to erosion. Owing to the
cylindrical symmetry of the experimental test and our simplifi-
cations, the mathematical analysis of the problem leads to a pair
of ordinary differential equations for the two basic dynamical
variables, which are integrated numerically in a straightforward
manner. Moreover, following Gravanis et al.,37 in order to reduce
the mathematical description to its simplest form, we restrict
ourselves to experimental situations where pressure drawdown
is quite small compared to the externally applied stress. We
perform a parametric study of the hydro-dynamical erosion and
degradation laws and deduce and evaluate the effect of the differ-
ent forms on the characteristics of the sand production process,
that is, the mass production, porosity, kinematics of the plastic
zone depth as functions of time, expressing everything in suitable
dimensionless form.

Additionally, we set the obtained models against two different
experimental datasets where the drawdown pressure is negligible
relatively to the applied stresses. Comparison with the tests of
Papamichos et al21 allows us to calibrate the sand production
coefficient as a function of external stress for the different con-
stitutive laws and obtain a good agreement with the trend of
experimental sand production. The aforementioned dependence
is fitted by a modified power law with decreasing exponential
factor, building on our previous work.19 By suitably modeling the
geometry and stress conditions of the experiment of Kooijman
et al.,38 we apply our framework to a case with continuously
variable external stress and variable flowrate obtaining good
agreement with measured sand production.

This work is organized as follows. In Section 2 we present the

mathematical formulation of the novel framework, in Section 3
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we present the results of the analysis of the chosen hydro-
dynamical erosion and degradation laws and the comparisons
with experimental tests, and in Section 4 we discuss and evaluate
the main findings of this work.

2. Mathematical model

The aim of the proposed model is to simplify the hydrody-
amic type of erosion models to the bare minimum, in order to
larify the workings of the mechanisms involved i.e., (i) plastic
ielding, (ii) erosion and (iii) degradation, as much as possible.
t the same time, we investigate at greater depth the effects
f degradation and hydro-dynamic erosion models through a
uitable family of models. The modeling of the physical problem
f erosion involves two main processes: (a) response of the rock
nder poro-mechanical conditions and (b) the erosion process
hat takes place the inner surface of the hollow cylinder rock
ample. The first process follows principles from the theory of
oroelastoplasticity, while the second can be formulated along
he lines of the seminal sanding model of Vardoulakis et al25
hich was later extended by Papamichos et al21 and Gravanis
t al8 by proposing a novel semi-analytical formulation of the
rosion problem as applied to the hollow cylinder test.
As explain earlier, our focus turns to the simplified geometry

f the standard hollow cylinder test which allows for a conceptual
e-visit of the governing equations of the problem at hand. In
he context of this test, the sample is assumed homogeneous
nd saturated by a single-phase fluid. In the proposed model,
he necessary dynamical variables to describe the evolution of
rosion are reduced to the plastic zone depth and the mean value
f the porosity within the plastic zone. These two quantities are
erely functions of time. Therefore, the governing equations of

he proposed model take the form of a pair of ordinary differen-
ial equations constructed by the following mechanisms: (i) The
lastic zone depth is determined in a quasi-static manner by the
ontinuity of the stress field across the plastic zone boundary as
roposed by Gravanis et al8 but introducing the simplification

that the effect of the pressure can be regarded as negligible. The
reason behind this assumption is the observation that in certain
experimental cases presented by Papamichos et al.,21 the fluid
ressure is nearly two orders of magnitude smaller than the
pplied stress. (ii) The plastic zone evolves and propagates by a
egradation law describing the softening of the rock expressed by
he porosity dependent cohesion C and friction angle Φ . In this
ork we adopt two different laws as will be explained below.
iii) The dynamics of the mean porosity is deduced from the
ydrodynamic erosion model of Vardoulakis et al.,25 Papamichos
t al21 and Gravanis et al8
The experimental sample considered is a hollow cylinder with

n inner and outer radius rin and rout respectively and with
eight H with a uniform radial stress σout applied at its external
oundary. The external stress induces plastic yielding at a zone
f thickness Λ, in the area of the inner radius as showed in

Fig. 1. A radially uniform and constant flow rate Q is maintained
hroughout the duration of the test.

Following the works of Papamichos et al21 and Gravanis et al8
we assume that erosion will only occur within the plastic region.
Although sanding may not be directly related to yielding of the
rock, but rather related to the magnitude of strain, as mentioned
in the introduction, we shall adopt the assumption explained
above for simplicity. Fig. 2 shows a cross section of the hollow
cylinder test sample where it focuses at the interface area where
the plastic region Λ with mean porosity φ meets the non-yielded
elastic region with uniform (initial) φ0 at time t. As the erosion
process advances, plastic yielding evolves uniformly in all direc-
tions. At time t + dt the plastic zone will have a thickness Λ+dΛ
and a mean porosity φ + dφ.
3

Fig. 1. Schematic representation of the hollow cylinder test.

Fig. 2. Cross section of the sample (not to scale).

The specific form of the porosity field (e.g the Kozeny-Karman
equation) is not important in our formulation. The mean poros-
ity φ within the plastic region and its thickness Λ will be the
asic dynamical variables in our approach. The proposed semi-
nalytical model takes advantage of the hollow cylinder assum-
ng axisymmetric conditions and has three components: (i) an
lasto-plastic function of the material (e.g Mohr–Coulomb), (ii)
constitutive law for the degradation of the material (causing
rosion), and (iii) a hydro-dynamic law for the erosion process
made possible by plastic yielding).

The governing equations of the model can be described as
ollows. In axisymmetric conditions, the stress field equation in
he elastic region r > R = rin +Λ imply that, after neglecting the
ressure dependent terms, yields8:

σr = σout + C2

[
1
r2out

−
1
r2

]
(1)

σθ = σout + C2

[
1
r2out

+
1
r2

]
(2)

where σr , σθ are the radial and tangential components of the
stress field and C2 is an integration constant. In the plastic region
r < R = rin + Λ the stress field is given by:

σr = −
S0

k − 1

[
1 −

rk−1

k−1

]
(3)
rin
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where S0 is the uniaxial compressive strength, and the parameter
are given in terms of the cohesion C and friction angle Φ by
quations:

= tan2
(

π

4
+

Φ

2

)
, S0 = 2C

√
k (4)

The tangential component of the stress is given through the
Coulomb failure criterion:

σθ = S0 + kσr (5)

Given these equations, the plastic zone boundary which occurs at
a radius r = R is determined by the continuity of the stress field
according to:

σθ elastic(R) = σθ plastic(R), σr elastic(R) = σr plastic(R) (6)

ne of these equations fixes the constant C2 and the other one
provides the equilibrium constraint which defines R in terms of
the material parameter and the boundary conditions.

The equilibrium constraint takes the form of a surface in the
space of the variables R, C, Φ , σout defined by

F (R, C, Φ, σout) = 0 (7)

where

F (R, C, Φ, σout) = (k − 1)S0rinRk+1
+ (k + 1)S0r2outrinR

k−1

− 2(S0 + (k − 1)σout)r2outr
k
in (8)

Changing the values of C and Φ by degradation and, in general,
varying also σout, moves R along that surface according to

dF =
∂F
∂R

dR +
∂F
∂C

dC +
∂F
∂Φ

dΦ +
∂F

∂σout
dσout = 0 (9)

here the derivatives in this expression amount to cumbersome
xpressions which we shall refrain from writing down explic-
tly. The formulation of the mechanics of the problem is now
omplete.
Degradation of the material is expressed by allowing the cohe-

ion and friction angle to depend on porosity, which in our case
s represented by the mean porosity:

= C(φ), Φ = Φ(φ) (10)

For the time being, we shall keep that dependence general.
The hydro-dynamic erosion law is formulated building on the

model of Vardoulakis et al25 as elaborated by Papamichos et al.,21
see also Ref. 8. We introduce the mean porosity within the plastic
zone is defined by suitably integrating the porosity field:

φ =
1
Λ

∫ R

rin

φ dr =
1
Λ

∫ rin+Λ

rin

φ dr (11)

he constitutive equation of Vardoulakis et al25 reads
∂φ

∂t
= λf (φ)q (12)

here λ [m−1] is the sand production coefficient which is as-
sumed constant, q is the Darcy flux of the fluid, and f is a function
of porosity, which in the previous formulations was taken to
be f (φ) = 1 − φ, although it may take quite different forms,
as long as f (1) = 0, which enforces that porosity will stop
increasing at the value 1. We shall not consider the effects of
critical drawdown, which can be included in this equation by
substituting the Darcy flux q with q–qcr where qcr is a constant
realizing critical drawdown,3,35 as it can be easily included in the
equations of the proposed framework. Continuity implies that the
radial Darcy flux q reads8:

q =
Q

(13)

2πHr

4

From Eq. (11), the time-variation of the mean porosity take the
form (see Appendix A)

dφ = −
dΛ
Λ

φ +
dΛ
Λ

φ0 + dt
1
Λ

∫ R

rin

∂φ

∂t
dr (14)

sing now the hydrodynamic erosion Eq. (12) and approximating
uitably the integral, we obtain

φ ≃
dΛ
Λ

(φ0 − φ) +
λQ

2πH(rin + γΛ)
f (φ)dt (15)

where the constant γ (0 < γ < 1) is a parameter that depends on
the (unknown and irrelevant in the present formulation) profile
of the porosity field; the constant γ arises by roughly approxi-
mating the integral Λ−1

∫
f (φ)r−1dr ≈ (rin + γΛ)−1f (φ) which

arises when substituting Eqs. (12) and (13) into Eq. (14). The
parameter γ can be obtained self-consistently as we explain
below. It should be emphasized that Eq. (15) can be regarded as
the defining equation for the time evolution of the mean porosity
in the presented framework.

Eqs. (9) and (10) imply a relation between the increments of
the plastic zone radius R (and hence of the plastic zone depth Λ)
and the mean porosity:

dΛ = dR = −Fφ dφ − Fσ dσout (16)

where

Fφ =

∂F
∂C C

′
+

∂F
∂Φ

Φ ′

∂F
∂R

, Fσ =

∂F
∂σout
∂F
∂R

(17)

here prime denotes differentiation with respect to mean poros-
ty. Combining Eqs. (16) with Eq. (15) we obtain an evolution
quation for the plastic zone depth:

Λ = u dt (18)

here u is the speed of advancement of the plastic yielding, and
t is defined by

= −
Fφ

1 +
(φ0−φ)

Λ
Fφ

×

[
λQ

2πH(rin + γΛ)
f (φ) −

(φ0 − φ)
Λ

Fσ

dσout

dt

]
− Fσ

dσout

dt
(19)

qs. (16) and (19) imply that the mean porosity varies with time
ccording to

φ =
1

1 +
(φ0−φ)

Λ
Fφ

×

[
λQ

2πH(rin + γΛ)
f (φ)dt −

(φ0 − φ)
Λ

Fσdσout

]
(20)

ote that, due to radial symmetry, σout may be a function of time
or a pure constant. In the latter case, all terms proportional to
dσout vanish. Hence, we have a system of two ordinary differential
equations governing explicitly the evolution of the plastic zone
depth and mean porosity. They can be regarded as the defining
equations of the proposed model, which may be regarded as a
kinematic formulation of the hydro-mechanical description of the
erosion process. The produced mass can be then derived along the
lines of Gravanis et al8 to obtain

dM = dtρs2πH λ

∫ rin+Λ

rin

f (φ)
Q

2πHr
rdr ≃ ρsλΛf (φ)Qdt (21)

where ρs is the mass density of the rock, where in the last equality
we simplify the integral by its first approximation in terms of
the mean porosity. The parameter γ , introduced in Eq. (15) is
determined self-consistently so that the eroded mass at late times
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to be equal with the mass of the sample. This completes the
formulation of the framework.

The general analysis of the model can be clarified by introduc-
ng suitable scales for the various variables in order to work with
imensionless quantities. Inspecting Eq. (15) and in particular the
econd term, we may introduce the following time scale for the
rosion phenomenon:
1
T

=
λQ

2π (rout − rin)H
(22)

dditionally, a speed scale reads

=
rout − rin

T
=

λQ
2πH

(23)

e may now specify the hydro-dynamical erosion and degrada-
ion models. The hydro-dynamic Eq. (12) takes the specific form
ssuming that the function f reads

(φ) =

(
φ

φ0

)aH

(1 − φ) (24)

or some constant exponent aH whose effect will be investigated
n what follows. This function has the necessary property f (1) =

but also has the property that vanishes for low porosity values.
The degradation models which are considered take the form

C(φ) = C0

(
1 − φ

1 − φ0

)aD

(25)

(φ) = Φ0

(
1 − φ

1 − φ0

)aD

(26)

where C0, Φ0, are the initial values of the cohesion and friction
angle respectively. The exponent aD quantifies a non-linear de-
pendence of the cohesion/friction angle, effectively degradation
becomes stronger at lower values of the porosity, and the expo-
nent aH quantifies a (power-law) dependence of the erosion rate
in the lower porosity regime.

For completeness, we write down the initial value of the mass
of the sample,

Msample = (1 − φ0)ρsπ (r2out − r2in)H (27)

o be used in scaling the sand production mass in the next section.

. Analysis and results

Following the formulation of the proposed model in the pre-
ious section, we now turn our focus to the analysis of the
odel parameters. We begin our discussion when applying the
implified model in the case of the experiment of Papamichos
t al21 Given that the sand production coefficient λ is not known,
he only way to test the model is to estimate its values for the
ifferent values of external stress considered in the experiment
f Papamichos et al21 as well as to compare the predicted sand
roduction curves with the new semi-analytical model against
he experimental ones. As it was shown in Ref. 8 the effect of
hanging the flow rate amounts essentially to a rescaling of time
n these models, hence the external stress is left as the non-trivial
actor of influence. We shall use λ as the single fitting parameter
or these estimations, as opposed to the back analysis procedures
mployed in Refs. 8, 16 where three-parameter best fit was used.
reliminary work in this model was presented in Ref. 37.

.1. Parametric analysis of degradation laws and hydro-dynamic
onstitutive equations

The geometric properties of the hollow cylinder sample and
he mechanical properties of the rock are summarized in Table 1.
5

Table 1
Model properties and input data.
Variable Value

Geometric properties

Hollow cylinder internal radius, rin [m] 0.01
Hollow cylinder external radius, rout [m] 0.1
Cylinder height, H [m] 0.2

Rock properties

Initial cohesion, C0 [MPa] 3.7
Initial friction angle, Φ0 [◦] 37.4
Initial porosity, φ0 [–] 0.3
Mass density, ρs [kg/m3] 2640

Model parameters

Degradation control parameter, aD [–] {1, 1.5, 2, 3}
Hydro-dynamic control parameter, aH [–] {0, 3}

The necessary physical parameters were taken from Ref. 21. The
values of the external stress used in that experiment were σout =

{7.5, 8, 9, 10, 11} MPa, and with a flow rate Q = 0.5 L/min, which
corresponds to a drawdown pressure equal with 0.15 MPa and
was considered constant throughout the experiment. The elastic
properties of the material affect only the pressure dependent
terms in the equation determining the plastic zone thickness
Λ,8 hence they are irrelevant in the present formulation. We
proceed to analyze the influence of different degradation rates as
defined by Eqs. (25) and (26) and different hydrodynamic erosion
constitutive equations defined by Eq. (24).

Fig. 3 presents the behavior of the friction angle and cohesion
as a function of the porosity. It is noted that the initial porosity
considered begins from 0.3. The parameter aD that expresses the
rate of softening, controls how fast friction angle and cohesion
become practically zero. For example, if one considers the largest
value of aD, friction angle and cohesion practically vanish for
porosity 0.8.

In Fig. 4, we present the influence of the degradation control
parameter expressing the softening rate aD on the evolution of
sand production, porosity, plastic zone depth and plastic yielding
speed in terms of dimensionless time using the scale in Eq. (22).
This analysis is for the case of hydrodynamic control parameter
aH = 0. Specifically, sand production is expressed in terms of
dimensionless ratio of eroded mass/sample mass and the plastic
yielding speed is expressed in the dimensionless form divided
by the scale U defined in Eq. (23). The plastic zone is given in
dimensionful form following the sample size of the experiment
of Papamichos et al21 The sensitivity analysis was performed for
the data presented in Table 1 and for a given external stress of
11 MPa and a flow rate of 0.5 L/s. Fig. 4a shows that the non-
linear degradation law exhibits a qualitative difference from the
linear law (aD = 1) although all cases converge smoothly to mass
ratio value 1.0. The evolution of porosity in Fig. 4b exhibits two
regimes: initially, plastic yielding is advancing while the erosion
process operates on the material within the plastic zone, and in
the second regime, it appears that the plastic zone (yielding) has
already reached the outer boundary of the rock and hence erosion
process is active in the entire rock sample. We observe that as the
rate of softening aD increases, plastic yielding reaches the outer
boundary faster, while the mean porosity initially is smaller for
larger values of the softening rate, which is a mere implication of
the larger plastic zone that has been created. Fig. 4c shows the
explicit evolution of the plastic zone depth Λ as plastic yielding
traverses, the radial size of the sample (rout–rin = 0.09 m). Fig. 4d
presents the speed of plastic yielding, that is, the slope of the
curves in Fig. 4c, in dimensionless form. One observes that the
speed increases with the softening rate, starting from a nearly
constant speed for the linear degradation law (a = 1) to a faster
D
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Fig. 3. Degradation of friction angle and cohesion according to Eqs. (25), (26).
Fig. 4. Influence of rate of softening (aD) for exponent aH = 0 (constitutive Eq. (24)).
nd continuously accelerating yielding as aD increases. We should
ote that the case considered in Fig. 4a–d which refers to the
ydrodynamic exponent aH = 0 and for the linear degradation
aw aD = 1 (red-line curves) corresponds to the usual forms of the
onstitutive (hydrodynamic) and degradation laws used in Refs. 8,
0, 21.
We now present the case of hydrodynamic exponent aH = 3 of

Eq. (24) as it is analyzed in Fig. 5 for the same physical variables
as in the previous case (aH = 0). (The analysis performed for
this case also, utilized the data of Table 1 for external stress
11 MPa and a flow rate of 0.5 L/s.) In Fig. 5a we observe again
that the non-linear degradation laws differ qualitatively from the
linear one and in fact in this case the considered value for the
softening rate leads to a collapse of all sand production curves.
We also observe that the rate of sand production becomes much
more rapid as compared to the previous case of aH = 0. This is
evident from the much less times it takes to erode away the entire
sample. That is, the modification of the hydrodynamic law in the
low porosity regime accelerates the erosion process and hence,
through degradation, the rate of plastic yielding. This is clarified
mathematically in Appendix B. Fig. 5b shows that the change
of regime occurs within a relatively short interval i.e., the time
that plastic yielding reaches the outer boundary of the sample
does not differ significantly. Interestingly, for the case considered

aH = 3, the porosity curves almost coincide in the second regime.

6

The kinematics of the plastic yielding advancement is pre-
sented in Fig. 5c and d. Plastic yielding progresses in an acceler-
ating fashion which increases for a higher values of the softening
rate aD, while the speed of advancement attains much higher
values as compared to the previous case examined, aH = 0. (It
should be noted that negative values of the exponent aH lead to
a concave rather than convex mass production curves, as it can
be observed in Fig. 4a and 5a, in the early stages. This behavior
is phenomenologically inconsistent with the experimental data
shown in Fig. 6 in the next section. For this reason we shall
consider only the case aH ≥ 0.

3.2. Comparison with the hollow cylinder experiment of Papamichos
et al21

In the next step of our analysis, we present an application of
the proposed framework utilizing the hydrodynamic and degra-
dation constitutive expressions given in Eqs. (24)–(26) to com-
pare the theoretically predicted sand production curves of the
semi-analytical model with the experimental data of Papamichos
et al21 We consider four test cases: for each of the linear (aD = 1)
and non-linear (aD = 3) degradations we investigate the cases
aH = 0 and aH = 3 of the hydrodynamic law. These values
correspond to the extreme values of these exponents analyzed
in Section 3.1.
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In Fig. 6a–e we present the theoretical sand production curves
or the four cases mentioned above compared against the experi-
ental data presented in Ref. 21. Also, Fig. 6f shows the estimated
alues of the sand production coefficient λ (with units m−1) as
btained from best fitting the theoretical curves produced with
he proposed semi-analytical model with the experimental data
olving for the four cases and for each stress level. The sanding
ata of Papamichos et al21 are depicted with circle markers, while

the theoretical sand production curves are shown as follows: red
color corresponds to aH = 0 and blue color to aH = 3; dashed
ines indicate aD = 1 and continuous lines to aD = 3.

This analysis presents the behavior of the considered hydro-
dynamic and degradation laws against the experimental data
for various external stresses. As expected, differences between
the theoretically predicted sand production curves and the ex-
perimental data are observed. In particular, the late stage of
the experimental sand production is not followed properly. The
observed reduction of the erosion rate may be explained by the
yielded zone accepting that in the late stage the rock has eroded
away to a great extent. Such picture is qualitatively consistent
with our conceptual description of the process as an interplay be-
tween the speed of yielding and erosion advancement, although
quantitatively the simple hydrodynamic and degradation laws we
employed are not effective quantitatively. To our knowledge no
existing model captures that behavior properly. Also, the data
may have been affected by the gradual change of the external
stress in the experiment of Papamichos et al21 The proposed
semi-analytical framework based on two ODE’s may be effectively
and efficiently used to check and calibrate much more refined
hydrodynamic and degradation laws which could describe actual
data with greater accuracy. It also may be of interest to note that
the values of the sand production coefficient λ follow a certain
pattern for all test cases We also observe that the variability of λ
with the stress is weakened as the non-linearity is intensified in
the degradation and the low porosity regime of the hydrodynamic
laws.

Fig. 7a and b show the solution of the semi-analytical model
for the simplest case of hydrodynamic and degradation laws
corresponding to the parameters aH = 0 and aD = 1. The solution
involves the two basic variables of the kinematic formulation

of the erosion process i.e the evolution of the mean porosity

7

Table 2
Best fit parameters α, β of the Eq. (28).
aH [–] aD [–] α [m−1] β [–]

0 1 0.111 1.598
3 1 0.070 1.446
0 3 0.065 1.124
3 3 0.048 1.041

(Fig. 7a) and the plastic zone (Fig. 7b) as a function of the external
stress. The simplest case of aH = 0 and aD = 1 corresponds to
the constitutive laws used originally by Vardoulakis et al25 The
solution for the other cases of hydrodynamic and degradation
laws parameters is qualitatively similar to the behavior observed
in Fig. 7.

It may be observed that the evolution of the mean porosity,
does not exhibit an obvious trend with respect to the external
stress primarily due to the effect of the calibrated sand pro-
duction coefficient. Overall, the mean porosity predicted is not
radically different for the various values of external stress con-
sidered. On the other hand, the plastic zone depth is consistently
larger with the increase of the externally applied stresses, as
expected. One may note that for the smallest applied stress (7.5
MPa), which is close to the no-yielding limit (7.41 MPa), the
plastic zone depth exhibits a very significant change relatively
to its initial value. This is due to the significant role played by
erosion and degradation of the material in this case.

In our previous work19 we proposed a power law dependence
of the sand production coefficient λ on the external stress, under
the assumption that λ is zero at the minimum stress for yielding
(7.41 MPa). In this work, we propose a modified power law
dependence with decreasing exponential factor:

λ(σ ) = α

(
σ − σmin

σmin

)1/6

exp
[
−β

(
σ − σmin

σmin

)]
(28)

here α [m−1], β [–] are constants to be determined by best
fit, σmin = 7.41 MPa and the power law exponent is taken
from Ref. 19. Constants α and β after best fit determination are
presented in Table 2.
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Fig. 6. Comparison of the test cases of the degradation and hydrodynamic laws (Eqs. (24)–(26)) against the experiments of Papamichos et al21 Red color corresponds
to aH = 0 and blue color to aH = 3; dashed lines indicate aD = 1 and continuous lines to aD = 3.
Fig. 7. Mean porosity and plastic zone evolution for different external stresses.
For the values of the parameters α, β presented in Table 2
orresponding to the different cases of hydrodynamic and degra-
ation laws we plot Eq. (28) in Fig. 8 together with the values of λ

obtained previously and shown in Fig. 6f. It should be noted that
the values of the parameters α, β are material dependent.

.3. Comparison with the experiment of Kooijman et al38

This experiment presented in Ref. 38, see also Ref. 14 was per-
ormed on artificial sandstone block which according to rock me-
hanics is characterized as a weak rock with dimensions 26.25 cm
26.25 cm × 38 cm. The sandstone block has a central horizontal

ole of 25.4 mm diameter which is aligned with the longer axis
8

of the sample. To compute the erosion process, they applied a
far-field stress on the surfaces of the sample with a ratio of
effective stresses vertical/horizontal equal with σv/σh = 2. The
stresses varied continuously during the sanding test according to
Fig. 9a where the vertical stress is depicted. Also, the flow rate
was varied during the test as shown in Fig. 9b corresponding to
a maximum drawdown pressure of 25 psi equal to 0.17 MPa.38
The relevant parameters to our semi-analytical model concerning
the artificial block sample used in the sanding experiments of
Kooijman et al38 and Van den Hoek et al14 are summarized in
Table 3.

In the context of our formulation, we approximate the condi-
tions of the experiment as follows. The geometry of the artificial
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2

Fig. 8. Best fit of Eq. (28) for the four cases of the degradation and hydrodynamic laws.
Fig. 9. Input data of (a) external stress and (b) flowrate for modeling the sanding experiment of Kooijman et al38
Table 3
Relevant parameters of the experiment of Kooijman et al38 .
Variable Value

Artificial sample properties

Initial cohesion, C0 [MPa] 1.25
Initial friction angle, Φ0 [◦] 37.5
Initial porosity, φ0 [–] 0.34
Mass density, ρs [kg/m3] 1750

Model parameters

Degradation control parameter, aD [–] 1
Hydro-dynamic control parameter, aH [–] 0
Sand production coefficient, λ [m−1] 0.020

sample is approximated as a cylinder of outer radius rout =

6.25/2 cm = 13.125 cm. The external stress σout is approximated
as isotropic and equal to σv of the experimental test of Kooijman
et al.,38 with its time variation given in Fig. 9a. Approximating
σout this way it is necessary for the initiation of sand production
as deduced by the model to be consistent with the experimental
data. In particular, for the given artificial sample the minimum
external stress to initiate material plastic yielding turns out to be
9

2.58 MPa which is entirely consistent with erosion onset in this
sanding experiment as it will be discussed below.

Fig. 10 shows the predicted sand production mass curve (gr)
by the semi-analytical model for a constant sand production
coefficient λ = 0.020 m−1 (see Table 3) and using the simplest
hydrodynamic and degradation laws corresponding to the pa-
rameters aH = 0 and aD = 1. The sand production coefficient
is calibrated as a constant, that is, independent of the external
stress, for simplicity. The calibration of predefined model λ(σ )
such as the one given in Eq. (28) will be performed in future work.
It can be observed that the predicted sand production curve (red
continuous line) is in good agreement with the experimental one
(blue continuous line).

A qualitative difference between the curves is that the ex-
perimental sand production remains flat between 13k to 15k
seconds while the flow rate is not zero in this time interval. The
reason for this behavior possibly is the non-continuous nature
of the actual erosion process. It should be emphasized that both
curves indicate a simultaneous on-set of sand production which
is consistent with our model assumption that erosion is directly
linked with plastic yielding. Onset of sanding in the experiment
occurs when σ ∼2.6 MPa. As mentioned above, this is consistent
v
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Fig. 10. Comparison between the proposed semi-analytical model and the
experimental data of Kooijman et al38 (see also Ref. 14).

with initiation of plastic yielding in the context of our modeling
of the experiment.

Fig. 11 presents the evolution with time of the basic variables,
mean porosity and plastic zone depth, according to our modeling
of the Kooijman et al38 experiment. According to the solution
of our model, we observe that during intervals of erosion ad-
vancement, alternate with intervals during which erosion stops.
In particular, the mean porosity stops evolving when flow rate
vanishes while the plastic zone depth evolution halts when also
the external stress remains constant (see also Fig. 9a, b). The
trend of both variables is clearly affected by the increase of the
externally applied stress.

4. Summary and conclusions

In this work we introduce a novel semi-analytical hydro-
mechanical framework for modeling sanding in the context of
the hollow cylinder test, aiming at providing an effective tool for
studying the influence of the hydrodynamic and material degra-
dation constitutive laws, and calibrating the sand production
coefficient. In spite of the fact that hydromechanical modeling
of erosion exists for quite some time, a detailed phenomenolog-
ical analysis of its performance is still lacking. This presents a
certain deficit in the literature given that the detailed physical
mechanisms of the erosion process are not transparently known.

The theoretical premise adopted in this work is that erosion
occurs within the plastic zone controlled by a hydrodynamic
constitutive law. In the hydro-mechanical modeling of erosion,
advancement of the plasticity zone is treated quasi-statically and
it is coupled with the hydrodynamic erosion law by material
degradation. The developed plastic zones are created according
to Mohr–Coulomb criterion. The radial symmetry of the hollow
cylinder test reduces the problem to one spatial dimension.

In the proposed modeling we introduce a number of simplifi-
cations are employed. (1) The direct effects of plastic strains on
the development of the erosion process are neglected. (2) As a
practical simplification we restrict ourselves to cases where the
pressure drawdown is essentially negligible with respect to the
applied stresses. (3) We model the mean value of the porosity
field within the plastic zone and use it as a basic variable. The
degradation and hydrodynamic laws are expressed in terms of
this variable. Hence, we arrive at a kinematic description of the
rosion process, expressed by two coupled ODEs governing the
ean porosity and the radial depth of the plastic zone. The latter
ariable is governed by quasi-static equilibrium. The simplicity
f the obtained framework greatly facilitates the analysis of the
10
effect of different hydrodynamic and degradation laws, the cali-
bration of the sand production coefficient, and a quick estimation
of sand production curves.

In the context of this formulation, we study the influence
of different forms of hydrodynamic laws, modified in the low
porosity regime, and the degradation law, considering non-linear
dependence of cohesion and friction angle on the mean porosity.
We find quantitative but not major qualitative effects on the sand
production induced by the different laws. Additionally, we set
the obtained models against two different sanding experimental
tests, Papamichos et al21 and Kooijman et al38 We find good
agreement with the measured sand production curves. The test
of Papamichos et al21 is used to calibrate a modeled dependence
λ(σ ) of the sand production coefficient λ on the external stress, a
ower law modified by a decreasing exponential factor. A power
aw model λ(σ ) was introduced in a previous work of the authors
sing numerical modeling of the erosion.
The proposed framework can be further elaborated to include

he effects of pressure as well as the effects of plastic strain in a
emi-analytic fashion. These inclusions will expand the kinematic
ormulation so that to refine the physics of the erosion it imple-
ents and widen the range of its applications in experimental

ests and field applications where drawdown pressure is not neg-
igible compared to the applied stress. These research endeavors
ill be presented in future work.
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ppendix A

Differentiating Eq. (11) with respect to time we obtain

dφ
dt

=
d
dt

(
1
Λ

∫ rin+Λ

rin

φ dr
)

= −
1

Λ2

dΛ
dt

∫ rin+Λ

rin

φ dr

+
1
Λ

φ(r = rin + Λ)
dΛ
dt

+
1
Λ

∫ rin+Λ

rin

∂φ

∂t
dr (A.1)

= −
1
Λ

dΛ
dt

φ +
1
Λ

φ0
dΛ
dt

+
1
Λ

∫ rin+Λ

rin

∂φ

∂t
dr

where we used the Leibniz rule for differentiating the integral
(with time dependent end-points),

d
dt

∫ r2(t)

r1(t)
f (r, t)dr = f (r2(t), t)

dr2(t)
dt

− f (r1(t), t)
dr1(t)
dt

+

∫ r2(t) ∂ f (r, t)
dr

(A.2)
r1(t) ∂t
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Fig. 11. Mean porosity and plastic zone evolution for the experimental test of Kooijman et al38 (see also Ref. 14).
or integrating a time-dependent function f between moving end-
oints r1 and r2. We also used the fact φ = φ0 at r = R = rin +Λ,

and employed Eq. (11) in the first term of (A.1). Hence, we arrive
at Eq. (14) of the main text:

dφ = −
dΛ
Λ

φ +
dΛ
Λ

φ0 + dt
1
Λ

∫ rin+Λ

rin

∂φ

∂t
dr (A.3)

ppendix B

In the low porosity regime, the hydrodynamic law given in
q. (24) takes the form

∂φ

∂t
=

(
φ

φ0

)aH
(B.1)

his approximation holds for early times, and it is more accurate
or small initial porosity. For aH ≥ 1, this is integrated to give

H = 1 : φ = φ0 exp
(

t
φ0

)
(B.2)

H > 1 : φ = φ0

(
1 −

aH − 1
φ0

t
)−

1
aH−1

(B.3)

he range aH ≥ 1 covers the case aH = 3 presented in Fig. 5.
rom the formulas (B.2) and (B.3) we observe for these cases the
orosity increases rapidly in the early stages of the phenomenon,
ence explaining the acceleration of the erosion process for aH ≥

.
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