
Physics Letters B 816 (2021) 136225
Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

Gauge-invariant renormalization of the gluino-glue operator

M. Costa a,b, G. Panagopoulos c, H. Panagopoulos a,∗, G. Spanoudes a

a Department of Physics, University of Cyprus, Nicosia, CY-1678, Cyprus
b Department of Mechanical Engineering and Materials Science and Engineering, Cyprus University of Technology, Limassol, CY-3036, Cyprus
c Department of Physics, Stanford University, CA 94305–2004, USA

a r t i c l e i n f o a b s t r a c t

Article history:
Received 10 February 2021
Accepted 17 March 2021
Available online 19 March 2021
Editor: G.F. Giudice

We study the Gluino-Glue operator in the context of Supersymmetric N = 1 Yang-Mills (SYM) theory. 
This composite operator is gauge invariant, and it is directly connected to light bound states of the 
theory; its renormalization is very important as a necessary step for the study of low-lying bound 
states via numerical simulations. We make use of a Gauge-Invariant Renormalization Scheme (GIRS). 
This requires the calculation of the Green’s function of a product of two Gluino-Glue operators, situated 
at distinct space-time points. Within this scheme, the mixing with non-gauge invariant operators which 
have the same quantum numbers is inconsequential. We compute the one-loop conversion factor relating 
the GIRS scheme to MS. This conversion factor can be used in order to convert to MS Green’s functions 
which are obtained via lattice simulations and are renormalized nonperturbatively in GIRS.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The study of Supersymmetric models on the lattice has been very limited to date, due to their sheer complexity (see e.g. [1,2], 
and references therein). The fact that SUSY is broken explicitly on the lattice poses severe problems to its correct simulation and to 
the numerical study of spontaneous SUSY breaking. A thorough renormalization procedure is an essential prerequisite towards non-
perturbative investigations [3]. This procedure must determine all relevant Lagrangian counterterms, and all renormalizations and mixing 
coefficients of operators, so that the correct continuum limit can be reached, with SUSY and chiral symmetry restored in this limit. 
A most appropriate prototype theory, exhibiting all the above features and including both gauge and matter fields, is Supersymmetric 
Quantum Chromodynamics (SQCD). The study of SQCD is already very complicated due to its many degrees of freedom and interaction 
terms [1,4,5]. Consequently, the study of composite operators and their mixing is presently out of reach, especially at the nonperturbative 
level. A simpler theory, and an important forerunner to the more complex models, is the Supersymmetric Yang-Mills theory (SYM) [6–8]. 
It contains only gauge fields and it exhibits an interesting spectrum of bound states, in particular particles made of gluino (λ) and gluon 
(uμ) fields. Preliminary nonperturbative investigations in this direction were performed in Refs. [9–11]. A fundamental ingredient in these 
investigations is the Gluino-Glue composite operator, OGg (see Eq. (9) for its definition). It is the gauge invariant operator of lowest 
possible dimensionality, containing both the gluino and gluon fields.

An important issue, which needs to be addressed in order to obtain meaningful results from lattice investigations, is the renormal-
ization of OGg in a nonperturbative manner. Perturbation theory plays a crucial role in the development of a complete renormalization 
prescription, which deals with divergences and possible mixing. In a previous study [12], we identified the set of operators which mix 
with OGg in lattice SYM, and we calculated the one-loop renormalization factor and mixing coefficients for converting bare lattice re-
sults to the MS scheme, which is the standard scheme used in the analysis of experimental data. From that work, the conversion factors 
between an intermediate scheme, such as an RI′-like1 [13,14], which is directly applicable in lattice simulations, and MS can be easily 
extracted, leading to the determination of a nonperturbative renormalization prescription. However, in such a scheme the calculation of 
Green’s functions of operators, which are gauge noninvariant and/or depend on ghost fields, is unavoidable. Non perturbative studies of 
ghost terms by lattice simulations are nontrivial; similarly, evaluation of gauge-dependent Green’s functions on the lattice is complicated 
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by the presence of Gribov copies. Thus, the RI′ scheme involves a complex mixing pattern in perturbation theory, and it is further afflicted 
with conceptual issues on the lattice. Therefore, a gauge invariant renormalization scheme represents a very good alternative in order to 
avoid these issues.

In a recent study [15], we introduced a gauge-invariant renormalization scheme (GIRS), in the spirit of the coordinate space (X-space) 
scheme [16–19], which is suitable for renormalizing gauge-invariant operators nonperturbatively, without the issues of ghost terms and 
gauge fixing. This scheme involves Green’s functions of two or more composite operators in different spacetime points, without external 
elementary fields (see, e.g., Eq. (10)). Gauge-noninvariant operators do not contribute in such Green’s functions, and thus, they need not 
be considered any further. As a consequence, the set of mixing operators in GIRS is greatly reduced and in particular, includes only gauge-
invariant operators, which are accessible by lattice simulations. In the case of OGg, there are no gauge-invariant operators which mix with 
OGg ; thus, by applying GIRS we only need to calculate one Green’s function (Eq. (10)) to extract the multiplicative renormalization factor 
of OGg , which contributes in physical matrix elements.

In this study, we employ GIRS in the renormalization of the Gluino-Glue operator and we present our one-loop results for the con-
version factor between GIRS and MS. This is the first time that GIRS is applied to lattice studies of Supersymmetry. This is a promising 
prescription, especially for nonperturbative investigations in lattice simulations, since systematic errors due to operator mixing are elimi-
nated. Also, as described in Ref. [15], appropriate variants of GIRS may lead to reduced statistical noise in Monte Carlo simulations. A good 
candidate in this respect involves the integration over timeslices of the insertion point of an operator in a Green’s function (“t-GIRS”).

The paper is organized as follows: Sec. 2 contains all relevant definitions and the calculational setup. We also provide results on the 
bare Green’s function which enters the GIRS procedure and we confirm the MS renormalization factor of OGg . In Sec. 3 we present the 
GIRS renormalization prescription, along with its variant t-GIRS, and we compute the conversion factors between these schemes and MS. 
Finally, we conclude in Sec. 4 with a summary and a discussion of our results as well as of possible future extensions of our work.

2. Formulation and MS calculation

In this Section we introduce the setup for our calculation. Since we are ultimately interested in converting nonperturbatively renormal-
ized quantities to the MS scheme, a necessary prerequisite is the perturbative evaluation of these quantities in dimensional regularization 
(DR), followed by renormalization in MS.

Our work focuses on the supersymmetric Yang-Mills theory with gauge group SU (Nc) and N = 1 supersymmetry generators. In the 
Wess-Zumino gauge [20], in which several components of the initial vector superfield vanish, the Lagrangian contains a gluon field (uμ), 
a gluino field (λM ) and an auxiliary field (D); in standard notation it reads:

LSY M = −1

4
uα

μνuα
μν + i

2
λ̄α

Mγ μDμλα
M + 1

2
Dα Dα, λM =

(
λa

λ̄ȧ

)
, (1)

[α, β, γ = 1, . . . , N2
c − 1 are color indices in the adjoint representation; a, ̇a = 1, 2 are spinorial indices]. The subscript M recalls the 

Majorana nature of the gluino. Henceforth we will omit this subscript for simplicity. The field strength uμν and the covariant derivative
of λ are:

uα
μν = ∂μuα

ν − ∂νuα
μ − g f αβγ uβ

μuγ
ν ,

Dμλα = ∂μλα − g f αβγ uβ
μλγ , (2)

[ f αβγ are the structure constants of the su(Nc) algebra].
By eliminating the auxiliary field, we get:

LSY M = −1

4
uα

μνuα
μν + i

2
λ̄αγ μDμλα. (3)

LSYM is invariant up to a total derivative under the supersymmetry transformations with Grassmann spinor parameter ξ :

δξ uα
μ = −iξ̄γ μλα,

δξλ
α = 1

4
uα

μν [γ μ,γ ν ]ξ . (4)

Gauge transformations act on the fields as:

u′
μ = G−1uμG + i

g
(∂μG−1)G, λ′ = G−1λG, (5)

where G(x) ≡ eiωα(x)T α
, T α are the generators of su(Nc) and ωα(x) are real parameters. Given that physical observables cannot depend on 

the choice of a gauge fixing term, and given that many regularizations, in particular the lattice regularization, violate supersymmetry at in-
termediate steps, one may as well choose the standard covariant gauge fixing term, proportional to (∂μuμ)2, rather than a supersymmetric 
variant [21], [4]. The full SYM action thus includes a gauge-fixing term and a ghost term arising from the Faddeev-Popov procedure:

SG F = − 1

2α

∫
d4x

(
∂μuα

μ

)2
, (6)

where α is the gauge parameter [α = 1(0) corresponds to Feynman (Landau) gauge], and

SGhost = −
∫

d4x
(

c̄α ∂μDαβ
μ cβ

)
. (7)
2
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Fig. 1. Tree-level Feynman diagram contributing to the expectation value 〈OGg(x)OGg(y)〉. A wavy (solid) line represents gluons (gluinos). A cross denotes the insertion of 
the Gluino-Glue operator.

The ghost field c is a Grassmann scalar which transforms in the adjoint representation of the gauge group, and Dμc = ∂μc + ig [uμ, c]. 
Consequently, the total action in the continuum has the form:

StotalSYM = SSYM + SG F + SGhost . (8)

By construction, StotalSYM is not gauge invariant; however it is invariant under Becchi-Rouet-Stora-Tyutin (BRST) transformations. The latter 
involve parameters that take their values in a Grassmann algebra. The BRST transformations for the fields of the full SYM action can be 
found by setting ωα in Eq. (5) equal to cαη, where η is a Grassmann variable.

In standard notation, the Gluino-Glue operator, OGg , is defined as2:

OGg = σμν trc( uμνλ), σμν = 1

2
[γμ,γν ]. (9)

Acting on the vacuum, OGg is expected to excite a light bound state of the theory, which is a potential supersymmetric partner of the 
glueballs and the gluinoballs [22,23].

Consider the following Green’s function, containing a product of Gluino-Glue operators, whose 4-vector positions x and y are distinct:

G(x − y) ≡ 〈OGg(x)OGg(y)〉. (10)

In order to contract gluino fields in Feynman diagrams it is convenient to choose the charge conjugate operator OGg(y), instead of OGg(y), 
as the second factor in Eq. (10); OGg(y) is defined as (cf. Eq. (9)):

OGg ≡ −trc( λ̄uμν)σμν. (11)

Disconnected Feynman diagrams are not present in G(x − y) due to the fact that OGg is not a scalar operator. In addition, no lower 
dimensional operator mixes with OGg . In the following, we first calculate the tree-level Green’s function, where we regularize the theory 
in d dimensions (d = 4 − 2 ε). Given that OGg has a relatively high dimensionality, 7/2, there is a number of other (non-gauge invariant!) 
composite operators with which OGg can, and will, mix [12]; this becomes apparent when one calculates Green’s functions with elemen-
tary external fields, as is done in a typical renormalization procedure. A proper treatment of this mixing entails studying the 2-point and 
3-point Green’s functions of OGg with external gluino and gluon fields. On the other hand, if one uses the GIRS scheme all non-gauge 
invariant operators will not contribute to G(x − y), and one will obtain directly the multiplicative renormalization of OGg , which is the 
only renormalization factor which is relevant for physical matrix elements.

The Feynman diagram for the tree-level value of the 2-point Green’s function is shown in Fig. 1.
The tree-level contribution has the following momentum-integral form:

G(x − y)tree = −4i(N2
c − 1)(d − 2)

∫
dd p

(2π)d

∫
ddk

(2π)d
e−i(x−y)·k /p (p · k)

p2(p − k)2
. (12)

Integrating over the loop momenta, and after some manipulations of Dirac matrices, the resulting expression is:

G(x − y)tree = −2
(N2

c − 1) �(2 − ε)2

π4−2ε
(−1 + ε)(−3 + 2ε) /z (z2)−4+2ε, zμ ≡ yμ − xμ. (13)

Fig. 2 shows the Feynman diagrams contributing to G(x − y) at one loop.
By rotational invariance, the expression for each diagram is proportional to the tree-level Green’s function. Diagrams 3, 6, 7 are in-

dependent of α, while α1 terms occur in diagrams 1-2, 4-5, 8-11, and α2 terms occur in diagrams 1, 5, 8-9. Upon summation over all 
diagrams, α terms vanish and thus the resulting expression is gauge independent.

By adding tree-level and one-loop contributions, the bare Green’s function takes the following form:

G(x − y)bare = G(x − y)tree ×{
1 − g2 Nc

16π2

(
μ̄2z2

)ε eεγE �(−ε)

4ε ε (1 − ε)3 (3 − 2ε)
×

[
(1 − ε) (12 − 48ε + 70ε2 − 39ε3 + ε4) +

(1 − 3ε + 2ε2 + ε3) �(−ε) �(ε)2 �(4 − 3ε)

4 (1 − 2ε) �(−2ε)2 �(2ε)

]
+O(g4)

}
, (14)

2 For ease of notation, we leave out the free Dirac index in OGg . Lorentz and color indices are saturated. Similarly, the Green’s function, G(x − y), has two implicit Dirac 
indices.
3
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Fig. 2. One-loop Feynman diagrams contributing to the expectation value 〈OGg(x)OGg(y)〉. A wavy (solid) line represents gluons (gluinos). The dashed line is the ghost field. 
A cross denotes the insertion of the operator.

where μ̄ is the MS renormalization scale 4-vector relating the dimensionful coupling constant gL in the d-dimensional Lagrangian to the 
dimensionless “bare” coupling constant g B : gL = με g B (μ = μ̄

√
eγE /4π ). To this perturbative order, the distinction between bare and 

renormalized coupling constants is inessential; we will thus denote both by g .
Evaluation of G(x − y) to order g2n involves diagrams with (n + 1) loops. This is a nonnegligible price to pay. However, all these 

diagrams involve massless fields and (upon expressing them in momentum space) only one incoming/outgoing momentum; such diagrams 
can be evaluated to very high perturbative order (see, e.g., [24–28] for up to 5-loop calculations).

The renormalization factor Z B,R
Gg relating the bare Gluino-Glue operator in the “B” regularization to the renormalized operator in the 

“R” renormalization scheme is defined by:

OR
Gg = Z B,R

Gg OB
Gg + other operators which will not contribute in G(x − y). (15)

In (DR, MS), the renormalization factor Z DR,MS
Gg is defined to have only negative integer powers of ε and the following condition is imposed:[(

Z DR,MS
Gg

)2 〈OGg(x)OGg(y)〉bare
] ∣∣∣

ε−n
= 0, n ∈Z+. (16)

By removing the pole parts in the bare Green’s function one defines the MS-renormalized Green’s function and determines the renor-

malization factor Z D R,MS
Gg . Thus, the MS-renormalized 2-point Green’s function takes the following form:

〈OMS
Gg (x)OMS

Gg (y)〉 = −6 (N2
c − 1) /z

π4(z2)4

{
1 + g2

16π2

[
2Nc

3

(
5 + 18γE − 9 ln(4) + 9 ln(μ̄2z2)

)]
+O(g4)

}
. (17)

The extraction of the correct renormalization in the MS scheme, already known in Ref. [12] for the operator OGg is a consistency check 
of our results. From the renormalization condition Eq. (16), at one-loop order, we find:

Z D R,MS
Gg = 1 − g2Nc

16π2

3

ε
. (18)

3. Renormalization factor of the gluino-glue operator in the GIRS scheme

The purpose of this section is to find the conversion factor between MS renormalization and the GIRS renormalization of OGg . The 
renormalization factor in GIRS can be obtained by imposing the following condition on the renormalized Green’s function:

Tr
[
(/y − /x) 〈OGIRS

Gg (x)OGIRS
Gg (y)〉

]
|y−x=z̄ ≡ (Z B,GIRS

Gg )2 Tr
[
(/y − /x) 〈OB

Gg(x)OB
Gg(y)〉

]
|y−x=z̄

= Tr
[
(/y − /x) 〈OB

Gg(x)OB
Gg(y)〉tree

]
|y−x=z̄, (19)

where the 4-vector z̄ is the GIRS renormalization scale (z̄ 	= 0). In the middle expression of Eq. (19) it is implicit that the regulator is sent 
to its limiting value (ε → 0 in DR). As we are interested in applying GIRS in lattice simulations, the scale z̄ may be chosen to satisfy the 
condition a � |z̄| � �−1

SYM, where a is the lattice spacing and �SYM is the SYM physical scale; this condition guarantees that discretization 
effects will be under control and simultaneously we will be able to make contact with (continuum) perturbation theory.
4
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The ratio between the MS and GIRS renormalization factors gives the corresponding conversion factor:

CMS,GIRS
Gg = Z D R,MS

Gg /Z D R,GIRS
Gg . (20)

Being regularization independent, the same conversion factor can then be also used in the lattice regularization (L):

CMS,GIRS
Gg = Z L,MS

Gg /Z L,GIRS
Gg . (21)

Combining the ipso facto perturbative evaluation of C MS,G I R S
Gg with the nonperturbative evaluation of Z L,G I R S

Gg , one is thus led to the desired 

renormalization factor Z L,MS
Gg .

Combining Eqs. (17), (19) with the relation:

Tr
[
(/y − /x) 〈OMS

Gg (x)OMS
Gg (y)〉

]
|y−x=z̄ ≡ (C MS,GIRS

Gg )2 Tr
[
(/y − /x) 〈OGIRS

Gg (x)OGIRS
Gg (y)〉

]
|y−x=z̄, (22)

we obtain the result for the conversion factor:

CMS,GIRS
Gg = 1 + g2

MS
Nc

16π2

(5

3
+ 6γE − 3 ln(4) + 3 ln(μ̄2 z̄2)

)
+O(g4). (23)

There are additional, alternative ways for extracting renormalization factors in GIRS, using variants of the Green’s functions of Eq. (10). 
An option is to take Fourier transform of Eq. (10); however, this is not an optimal choice as contact terms arise. A more promising option 
is to integrate Eq. (10) over three of the four components of the position vector (x − y), while setting the fourth component equal to a 
reference scale t̄ . Due to the anisotropic lattice employed in simulations, the temporal direction is a special one. In this sense, a natural 
choice for the component t̄ is to be temporal; we call this variant “t-GIRS”. Without loss of generality, we set x = (x1, x2, x3, 0) and 
y = (0, 0, 0, ̄t); then the renormalization condition for t-GIRS has the following form:

Tr
[(∫

d3�x 〈Ot−GIRS
Gg (�x,0)Ot−GIRS

Gg (�0, t̄)〉
)
γ4

]
= Tr

[(∫
d3�x 〈OB

Gg(�x,0)OB
Gg(

�0, t̄)〉tree
)
γ4

]
, (24)

where the tree-level Green’s function in the right-hand side of the above condition is given by Eq. (13) with ε → 0. By analogy with 
Eq. (22), we obtain the conversion factor between MS and t-GIRS from the relation:

Tr
[(∫

d3�x 〈OMS
Gg (�x,0)OMS

Gg (�0, t̄)〉
)
γ4

]
=

(
CMS,t−GIRS

Gg

)2
Tr

[(∫
d3�x 〈OB

Gg(�x,0)OB
Gg(

�0, t̄)〉tree
)
γ4

]
. (25)

Note that both sides of Eq. (25) are well-defined as d → 4, and thus spatial integration is performed in 3 (rather than d − 1) dimensions.
Use of the integrals:∫

d3�x 1

(|�x|2 + t2)4
= π2

8|t|5 ,

∫
d3�x ln(|�x|2 + t2)

(|�x|2 + t2)4
= π2(−5 + 12 ln(2) + 6 ln(t2))

48|t|5 , (26)

in Eq. (25), leads to the following expression for the conversion factor from t-GIRS to MS:

CMS,t−GIRS
Gg = 1 + g2Nc

16π2

(
− 5

6
+ 6γE + 3 ln(μ̄2t̄2)

)
+O(g4). (27)

Using a standard lattice discretization OL
Gg of the Gluino-Glue operator [10], the non-perturbative value of its renormalization factor, 

Z L,t−GIRS
Gg , can be found via Eq. (22) as follows:

(Z L,t−GIRS
Gg )2Tr

[(∫
d3�x 〈OL

Gg(�x,0)OL
Gg(

�0, t̄)〉
)
γ4

]
= Tr

[(∫
d3�x lim

ε→0
〈OGg(x)OGg(y)〉tree

)
γ4

]
= 3

4

(N2
c − 1)

π2t4
. (28)

4. Summary of results and future plans

In this paper we have studied the Gluino-Glue operator OGg in SYM theory, using variants of a gauge invariant renormalization scheme 
(GIRS). In this scheme, renormalization factors for physical observables are defined via correlation functions of gauge invariant operators 
(in coordinate space, so as to avoid unwanted contact terms). The advantage in doing so is twofold: On one hand, one may safely ignore 
the existence of mixing with gauge variant operators, possibly containing ghost fields, as is the case with OGg ; on the other hand, all 
necessary correlation functions can be computed nonperturbatively in numerical simulations, without need for gauge fixing or treating 
ghost fields. In order to achieve renormalization in a more standard scheme, such as MS, one must calculate appropriate conversion 
factors; these must necessarily rely on perturbation theory, by the very definition of MS, and, being regularization independent, can be 
most naturally computed in dimensional regularization. The downside of this scheme is that the extraction of conversion factors to order 
g2n requires evaluation of (n + 1)-loop Feynman diagrams; however, such diagrams are typically two-point and massless, and thus their 
evaluation can be carried out to very high perturbative order.

We have evaluated the conversion factor for OGg to order g2, using two variants of GIRS, by calculating the two-loop diagrams in 
the correlation function involving a product of two OGg operators at distinct positions. Some natural extensions of our work, besides 
going to higher perturbative order, are: (i) Addressing SQCD, where the inclusion of quarks and squarks causes OGg to mix with other 
gauge invariant operators, even (on the lattice) one of lower dimensionality, (ii) Study of other fermionic operators, notably the Noether 
supercurrent, which is instrumental in nonperturbative studies of Ward identities and restoration of SUSY on the lattice. The supercurrent 
presents operator mixing as well, and its renormalization in GIRS can be performed along the lines of Ref. [15].
5
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